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MonnHomn Ha eaHa npomeHnusa. Teopema 3a neneHue c octarbK. Hait-ronam
o0LL, AennTeN Ha NMOJIMHOMM - ThXKAecTBo Ha Be3y n arroputsbm Ha EBknna.
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3a BcekHU cay4al IpoBepeTe Jaly HaMa I10-HOBa PEBU3USA

1. Teopus

Hsxou TBBpAEHUS U JJ0Ka3aTeJICTBA ca 3auMcTBaHU oT Knapp, Basic Algebra u Poguku,
Pasnucanu nekyuu no sucuia aneedpa.

1.1. AHoTauuns

N3noxeHaTa aHoTanusATa € B3era ot KoHcnekm 3a /[H 3a cney. cmamucmuka.

1. ITosHOM C KOe(UIIMEHTH HAJ ITOJIE.

2. CrerieH Ha OJIUHOM.

3. KopeHu Ha NOJTMHOMMU.

4. TeopeMma 3a JieJIEHUE C OCTaTBK.

5. Cxema Ha XOpHeD.

6. Bcexu upean B F[x] e riiaBeH.

7. TIpuUHIUTI 32 CpaBHSIBaHEe Ha KOe(UIIMEHTH.

8. OmpezeneHue Ha Hali-ToJiIM 0OII] IeJTNTesT Ha JIBa TIOJIMHOMA.

9. Teopema 3a ChlI[eCTBYBaHEe Ha Hali-ToJIsIM 001 ZieJIUTes Ha JIBa IIOJIMHOMA C KOe(UITH-
€HTH HaJ I10JI€E.
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10. M3pazsiBane Ha HOJI upe3 mosimHOMUTE (THK/IECTBO Ha Besy).
11. Anropursm Ha EBxiiug,.

12. ®opmysnu Ha Buer.

1.2. OCHOBHU NOHATUSA

Heka F e ¢ukcupaHo noJsie. 3a yao6cTBO e 03HadaBaMe ¢ 0 u 1 ChbOTBETHO HYJIEBUST U
eIMHUYHUAT eJIeMeHT Ha 1oJieto. Ille gedrHrpamMe NOJIMHOMU KaTO YUCTO AJITeOpUIHU
06eKTH BMecTo KaTo QyHKIMHU. [I[pruyrHara 3a ToBa e, 4e ako JleruHUpaMe MOJIMHOMH KaTo
(yHKIIUM OT BHUJA

p(x) = a,x"* + a1 X" 1+ - + a,x* + a;x + ay,

TOTaBa B OOLIMS Cy4ail efHa U ChIa PYHKITUS MOXKeE J1a ce ey THHPA 0 HSIKOJIKO Pa3InyHU
HayuHa. Hampumep, B osieto F, ¢ /iBa eJleMeHTa, UMaMe PaBeHCTBOTO

x? =x,x €{0,1},

TOECT X — X% U X — X CBhBIIAJAT KATO PyHKI[UH.
ToBa HU TTpeyH Jja TOBOPUM 6e3 ABYCMUCIHIIA 3 ,,CTEIIeH", ,,CTApIIIH WieH", ,,KoepUINeHT
Ha IMOJIMHOM U MOAO0OHU MTOHSTHUS.

Omnpezgenenue 1. IIoJiMHOM p Ha €ZjHa IPOMeHJIMBA Ha/l F HapuyaMe peguia

p = (ag, ay,...)

OT ejJleMeHTHU Ha F, HapeuyeHU Koe(pULIMEeHTH, caMo KpaeH Opoii OT KOUTO ca pa3jiuiHu OT 0.
AKO BCUYKHU €JIEMEHTH Ha peJuIiaTa ca HyJIM, Hapyudame IMoJIMHOMA HYJIEB U CBII0 KaKTO
HyJIEBUS €JIEMEHT Ha I10JIeTO o 6esiesxuM c 0.

CrenieH deg(p) Ha MOJIMHOMA p Hapu4yame Hal-MaJIKUsI UHEKC, CJe]] KOUTO BCUYKU
eJleMeHTH Ha pegunara ca 0. PopmaHo,

deg(p) = min{k e{0,1,...} ) Qpem = 03aBcuuku m = 1,2, }

ITo koHBeHIUs ocTaBsiMe crereHTa deg(0) Ha HyJIEBUS IIOJIMHOM Zia O'bJIe HEOTIPE/IEIIEHa,
Makap U ropHara gepunuiys na Hu gasa deg(0) = 0.

Crapumsat koedumueHT LC(p) Ha TTIOJTMHOMA p OT CTEIIEH N HapU4YaMme MoceaHaTa
HEeHyJIeBa CTOMHOCT B peinIiaTa ot KoeduureHTH u noiarame LC(p) := 0.

IMosHOMA p HapuYaMme yHUTapeH, ako LC(p) = 1.

Heka p = (ag,ay,...) 1 q = (bg, by, ...) ca aABa nonmHoma. Cyma Ha p u q AeUHUpame
ITOKOOPAVHATHO, T.€.
(p + q) = (aO + bo, a, + bl’ ),
a Mpou3Be/IeHUETO UM JleHUpPaMe KaTo IoIMHoMa pq = (Cg, €y, ... ), KBZETO:

Ck = Z aibj.

i+j=k



Cymara Ha HEHYJIEBH IOJTMHOMU p + ( € TIOJIMHOM, TIPY TOBA p + q WIN € HYJIeBUSIT
nosinHOM, win deg(p+q) < max(deg(p), deg(q)). [IpousBeseHreTO HA HEHY/IEBU IIOJTMHOMU
€ HeHyJIeB TToJTMHOM, 11pu ToBa deg(pq) = deg p + degq.

IToTMHOMM ChC CaMO €IUH HEHYJIEB KOe(PUI[MEeHT HapruyaMe MOHOMH.

Heka cera uz6epeM cCUMBOJI, ia pedeM X, C KOUTO Ie o3HavyaBame MoHoMa (0, 1,0,0, ...).
3abensi3BaMe, Ye OT OIpeIeJIEHUETO 32 YMHOXKEHUE Ha TIOJTMHOMHM, MOJKE J1a U3Pa3uM Koe-
(bUIMEHTHUTE Cy, Cp, ... HA X? = X - X upe3 KoeUIUEHTHUTE a,, Ay, ... Ha X KaTo

Co=0y-a9=0

c1=0p-a;+a;-ap=0+0=0

=0y -Ay+a;-a3+a,-a,=0+1+0=1
c3=0g-Az3+a;-a,+0a,-a;+ay-a3=0+0+0+0=0
cg=--=0

CS=...=0

IIo WHAYKINSA TaKa I10JIydaBaMe, 9€

Xk =(,...,0,1,0,0,...).

k bt

3a ymo6erBo mosarame X := 1. ToBa HM I03BOJISIBA J]a 3aIICBAMeE HEHYJIEBUTE ITOJIMHOMMU
p = (ag, ay, ...) oT crenied deg(p) = n KaTo JUHeHHA KOMOMHAIIMS HA MOHOMMU:

n
pX) = Z aXk.
k=0

3a mpoMeHJIMBaTa cMe N36pasiy ry1aBHa OyKBa, 32 Za MojuepTaBame, ue p(X) He e QyHKITHS.
Benexxum ¢ F[X| MHOXXeCTBOTO Ha BCUYKH TIOJTMHOMU HaJl F ChC CBOGOIHA TTPOMEHITHBA X.
OTHOCHO BbBeZieHUTE oreparuu F[X | e KoMyTaTUBeH MP'bCTEH C MHUIA 1, THil KaTo

1.

2.

F[X] nacnensiBa Hysnara cu 0 ¥ efUHULIATA CU 1 OT 1Mos1eTo F.

CpOrpaHeTo Ha MPOU3BOJIHY IIOJIMHOMU HaCJe[sIBa aCOLIMAaTUBHOCTTa U KOMYTaTHUB-
HOCTTa CU JUPEKTHO OT ChOMpPAHETO B 1oy1eTo F.

Axo pX) = X,_ aX¥, 10 —p(X) = ¥/_ (~ap)X* e obparen Ha p(X) OTHOCHO
crOupaHe.

. IIpousBezieHNeTO HAa HEHY/IEBU MOJMHOMU p = (ag, Ay, ...), @ = (bg,by,...) ur =

(co, €1, ---) € ACOIIMATHUBHO, THI KaTO

2| 2 ablen= X aben= 2 al 2 bem)

k+m=n\i+j=k i+j+m=n i+l=n Jj+m=l

KbAETO BCMYKU MHACKCHU Ca HEOTPUILATCJIHN €N YUCIa.



5. HpOI/IBBe,ZLeHI/IeTO Ha HEHYJICBU IIOJIMHOMU HACJI€/IsIBA KOMYTAaTUBHOCTTAa CU X1 INUCT-
pI/I6YTI/IBHOCTTa CH OTHOCHO C'b6I/Ip8.HETO AUPEKTHO OT ITOJIETO F.

ToBa HM TO3BOJIsIBA J]a pa3riexaame F kato moanpbereH Ha F[X | u na pasmiexaame F[X ]
KaTo ajire6pa Haj moJieto F.

HyzneBuAT OJIMHOM U IIOJIMHOMUTE OT CTelleH 0 HapruyamMe KOHCTaHTU U Ype3 KaHOo-
HUYHATA TIPOeKUs 7 : (ay,0,...) = dg TU OTHXKAECTBIBAME C IbPBUS UM KOEDUITEHT.
AHaJIOTMYHO, KAHOHUYHOTO BJIaTaHe ( : ay — (ag,0, ...) Baara F BbB F[x].

Hexka (F — F) e mpbCTeH'BT OT QYHKIIUM HaZl F ¢ onepaiys koMno3uius. JlepuHrpame
xoMoMopGu3Ma

®:F[X]» (FweF)

n
q)((aO! ay, ..., Ay, 0’ 07 )) = (u = Z akuk>,
k=0

KOUMTO Ha BCEKU ITOJIMHOM CHITOCTaBs HOJIMHOMHATHA PyHKIHA. KakTo cioMeHaxme
I10-TOpe, TO3U XOMOMOP(HU3BM B 00LUS CIydail He e NHeKTHBeH. KoraTto mmame mpesiBus
¢dyakuaTa x — ®(p)(x) BMecTo peguIiiaTa oT KoeUIMEHTH p, e nuieM p(x), KaTo
oZ06HO O3HAYEHME IIie M3II0I3BaMe 3a CTOHHOCTTA p(u) Ha yHKIMATA p(X) MpecMeTHaTa
B TOUKATa U.

1.3. leaumMmocT Ha NOJIUHOMMU

Teopema 2 (J/lesieHe c ocTaThK). Heka ca dadeHu HeHynesume noauromu p(X) = ZZ:O a Xk

uqX)= ZZ; o by X k. ksdemo q(X) # 0. Toeasa couiecmaysam eOUHCMBEHU NOAUHOMU S U T,
ksdemo r = 0 uau deg(r) < m, maxuea ue

p=sq+r.
Zoxazameacmeo. IIbpBO 111e JOKAXKEM eAUHCTBEHOCTTA. Heka
p=sq+r=_58q+7.

ToraBa0=p—p=(s—8)q+(r—AHu(s—8)g=r—r.

Toii KaTo @ # 0, TOos —§ = 0 < 7 —r = 0. AKo cera jionlycHeM, e /' # r (1
CJIeIOBATEJIHO § # ), TTolydaBaMe, ye deg[(s — $)q| = deg(s — $) + m > m. Ho no ycyioBue
deg(? — r) < max(deg#,degr) < m. Tbii KaToO CTeleHTa Ha ITOJIMHOMA B JIBETE CTPAHU HA
PaBEHCTBOTO TpsiOBA Jla O'bJie paBHa, IOJIy4aBaMe MPOTUBOPEUUe OT AOIIyCKaHeTo, ue #* # 7.
CrnemoBaTesTHO ¥ = U s = §.

Cera 111e IOKa)KeM ChIlleCTBYBaHe. AKO n < m, riosiarame s(X) := 0 u r(X) = p(X). Heka
n > m. lle qoka)kem TeopemMara ¢ HAYKIUSA 110 1. Caydasar n = 0 e TpUBUAJIEH, ThU KaTo

b
torasa mosiarame s(X) :== — u r(X) := 0. Jla IpeJIIoI0KuM, 4e TeopeMara e BIpHa 3a BCUUKU
ag

oIMHOMU ¢ deg < n u 2 o3HaYuM g(X) = Z—”X =Ma(X).



Tt karo deg(p) = deg(g) u LC(p) = LC(g), To deg(p — g) < deg(p) = n 1 UHAYKIINOH-
HOTO MPEZIIOJI0XKEHUE HU J1aBa IOJIMHOMU S U F, TakuBaye p — g = §q + 7 u 7 = 0 win
deg(#) < m. Ho HUME nMaMme

P(X) = g(X) + SC0qCX) + F(X) = (,j‘—mxm 4 sT(X))q(X) X,

IMonarame s(X) = §(X) + Z—"X =My r(X) := #(X). OueBuziHo deg(r) = deg(#) < m. C ToBa

U CBHIECTBYBAHETO € JOKA3aHO. ]

Omnpeznenenue 3. KazBaMme, 4e MOJTUHOMET q € F[X]| aean p € F[X]| u 4e p e KpaTeH Ha
q, aKO ChIIECTBYBa HEHYJIEB TTOJIMHOM s € F[X], TakbB 4e p = sq, T.€. aKO aJITOPUTHMBT 32
JleJIeHe C OCTaThK /IaBa HYJIEB OCTATBK.

MHO)XeCTBOTO OT BCUYKH ITOJIMHOMU, KPaTHH Ha g, 06pa3yBa uzeas (q) Ha mpbcTeHa F[X].
TeopeMa 4 HM Ka3Ba, ue BCEKH Hieast Ha F[X | e oT To3u BU,

[ToJTMHOMBT q [IEJTU p TOTaBa M CaMO TOTaBa, KOTaTo p Jia MPUHAJIEKU Ha uzeana (q) <
F[X].

Teopema 4. Bcexu udean 8 F[X| e enaseH.

Jokazamencmeo. HyneBusit uzeasn (0) < F[X| oueBugHO e miaBeH. Heka I < F[X] e HeHy-
JIEB MJleall U HeKa q € I e TI0JIMHOM OT MUHUMaJIHa 3a [ crerneH. Ille nokaxeM, ye ugearbt
(q) < F[X], nopozeH or q, chBI1aga c I.

Heka bpBo p € (q). Thii KaTo UjiearsT (q) € YCTOMYUB OTHOCHO YMHOXKE€HHE, TO Cb-
IIIecTBYBa IMOJIMHOM S € F[X], 3a koiiTo p = sq. Ho Twii kato q € I, To p = sq € I. Toect
(@ CL

Hexka cera p € I. Teopemara 3a JieJieHe C OCTaTbK HU JjJaBa IMOJIMHOMU S U ¥ € = 0 WiIn
degr < degq, TakuBa ye p = qs + r. Ho moHexe I e 3aTBOpeH OTHOCHO ChOHpaHe, UMaMe
¥ = p —qs € I. Ako r e HeHyseB, To degr < deg g, KOETO MPOTUBOPEUN HA MUHUMAaJIHOCTTA
Ha q.3Haunr = 0u p = gs € (q). Toect I C (q).

Hoxkazaxme, ue I = (q). [ToHexke I Gellre MpoOM3BOJIEH HEHYJIEB U/leall, TOBA O3HAYABA, Ye
BCeKH uzieaa Ha F[X] e raBeH. O

Ompepesienue 5. KopeH Ha mosmHoMa p(X) HapryaMe BCSIKa CTOMHOCT U € F, 32 KOsITO
ChOTBETHATA (PyHKILIMS Ce aHY/INpa, T.e. 32 KosiTo p(u) = 0.

TeBpAeHUe 6. [ToauHomsm (X — u) deau HeHynesus noauHom p(X) € F[X| moeasa u camo
mMoeasa, Koeamo U e KoOpeH Ha p.
Jlokazamencmeo.

JoKa3aTeJCTBO HA JOCTATHIYHOCT. AKO (X — u) e p(X), To p(X) € ((X — u)). Toit kato
U € KopeH Ha moimHoMa (X — u), TOi € KOpeH ¥ Ha BCUYKU TTOJIMHOMU OT uzeana (X — u))
Y 3HAYU U € KopeH Ha p(X).

Moka3arejCcTBO Ha He0OGxoauMOCT. Heka u e kopeH Ha p(X).



Teopema 2 Hu gaBa noauHomu q(X) u r(X), kpaero wiu r(X) = 0, unu degr < degb,
TaK1Ba ye

pX) = (X —u)qX) + r(X).

Jla momycHeM, 4ye MoJMHOMBT 1(X) e HeHys1eB. CToitHocTTa Ha p(X) Bu €
0= p(u) = (u—u)q(r) + r(u) = r(w),

cyetoBaTe THO U € KopeH U Ha r(X). Ho degr(X) < deg(X — u) = 1, Toect r(X) e HEHyJIEB
KOHCTaHTEH MOJIMHOM U r(X) He MOXKe /1a UMa Hy/Tu. [10Ty4eHOTO ITPOTUBOpEYHE JI0Ka3Ba
TBBPAECHUETO. O

TeBpaeHue 7. 3a eceku noauHom p(X) € F[X] u 3a ecexu ckaaap u € F ceujecmeysa
noaurom q(X) cec cmenen deg q < deg p, 3a xotimo p(X) = (X — u)q(X) + p(u).

Jlokazameacmeo. Thil KaTo u HEIIPeEMEHHO € KopeH Ha p(X) — p(u), 10 TBBP/EHHE 6 ITOJIH-
HOMBT (X — u) gesm p(X) — p(u). CiieoBaTeTHO CHIECTBYBA MTOJTMHOM q(X) CBhC CTETleH
degq < deg p, TakbB ue p(X) — p(u) = (X — u)q(X). O

TeBpaenue 8. Cxemama (Uuau npasunsomo) Ha XopHep 3a npecMsaAmaHe Ha CmoliHocmma Ha
HeHyne8Usi NOAUHOM D 8 0adeHa MoUKa ce 0sAX4CU Ha credHomo npedcmassHe Ha p(X):

n n
pX) = Z X" = a, +X2 q Xkl = o = ag + X(a; + -+ + X(ap_q + Xa,) + ).
k=0 k=1

ﬂoxa3ameﬂcmeo. q)OpMa.TIHO IIPpaBUJIOTO CE€E OCHOBABA Ha CJIEAHOTO Ha6JIIO,ZLeHI/IeI

Heka u € F. Vckame fa npecmeTHeM p(u). OT TBbp/ieHHE 7 3HaeM, 4e ChIlecTByBa q(X),
Taka Je

P(X) = (X —w)q(X) + p(w).
Axo q(X) uMa rpeJicTaBsiHe Y., e ka k To

n-1
p(X) = (X —u) ), bX* + p(u),
k=0
n-1
Z a Xk = Z b Xkt —u Z biX* + p(u),
n-1
0 = (p(w) — uby — ag) + Y (b_1 — ub — )X* + (by_; — @,)X"

k=1

Karo mpupaBHUM Koe(UIIMEHTHUTE MPeJ ChOTBETHUTE €THOWIEHH, TIOTyYaBaMe CIeiHaTa
peKypeHTHa 3aBUCUMOCT 3a KoeduuueHTure by, k =0, ...,n — 1:

p(w) = ubg + ag
b1 =a+ub,k=1,...,n—-1

b}’l—l == an.
ITpaBusioTo Ha XOpHEDP U3UCKBA CAMO 1 YMHOXKEHUS U 1 CHOUPAHUS, IOKATO TUPEKTHOTO
n(n+1
nmpecMsTaHe Ha p(u) U3MCKBA % YMHOXEHUS U N CbOUpPaHUS. O



Jlema 9. HeHynes noauHom om cmeneHn n uma Hali-MH020 n KopeHa, 6poeiiku kpamHocmume.

Jokasameacmeo. Ille nsnoa3Bame UHIYKLMS 110 CTENIEHTa n. B ciiydast n = 0 ©MaMe HeHy-
JIeB KOHCTaHTEH II0JIMHOM, a TAKBB IIOJIMHOM He MOXKe [1a UMa KOPEHH, T.e. UMa Hali-MHOT'0
0 xopeHU.

[la norycHeM, 4e TBBPAECHUETO € BIpHO 3a 1,...,n — 1. Heka p € F[X] e moamuHOM OT
CTeIleH 1 U HeKa 1 € HeroB kKopeH. OT TBBbpAEeHUE 6 CJIefiBa, Ye ChlIecTBYBa IIOJUHOM q(X)
OT CTEIIEH h — 1, TAKBB 4e

pX) = (X —r)q(X).

dukcupaMe eJIeMeHT ¢t € F, pa3/IMueH OT ' ¥ OT KopeHuTe Ha q(X). Pasrinexjame

p(t) = (t — r)q(t).

Nmame (t — r) # 0 u q(t) # 0. IloHexxe F HAMA JIeTUTETN Ha HyJ1aTa, IIPOU3BeIeHE-
TO p(t) Ha HeHyJIeBUTe eJleMeHT (t — r) u q(t) ChILo e HeHyJIeB esieMeHT. CJieloBaTeTHO
eIMHCTBeHUTE KopeHU Ha p(X) ca r u kopeHUTe Ha q(X).

ITo MHYKIIMOHHO IpeAIioiokeHue, q(X) nma Hali-MHOro n — 1 KopeHa, Opoeiiku Kpart-
Hoctute. CireoBaressHO p(X) mMa Haii MHoro (n — 1) + 1 = n KopeHa. O

Teopema 10 (ITpuHIUT 32 CpaBHsIBaHe Ha KoedumueHTute). Heka p u q ca noauHomu
om cmeneH n u Heka Uy, ... , U, € F ca pazauunu ckarapu (mosa usuckea 8 noaemo uma
nore n + 1 enemenma). Axo e uznsaneHo p(u;) = q(u;),i = 0, ..., n, Mo NOAUHOMUME P U
cegnadam.

Hoxazamencmeo. ledpuHupame MoJIuHOMA ¥ := p — q. ToBa € TIOJIMHOM OT CTeIleH Hali-
MHOI'0 11, KOHTO UMa n + 1 KopeHa: CTOIHOCTHUTE U, Uy, ... , U,. CIIOpes jieMa 9, ToBa He e
BB3MOXKHO 32 HEHYJ/IeB ITOJIMHOM. Toectr =0u p = q. O

1.4. Hain-ronsam o0y aennten Ha NOJIMHOMM

Omnpenenenue 11. Kazpame, ye eiviH TouHOM d € F[X] € HAH-roJIsIM 001 e TUTE
(HOO) Ha p € F[X] u q € F[X]| n umem d = ged(p, q), ako d Aesiv p 1 q M1 aKO BCEKH 001]
Jenures Ha p U q aenu d. Teit kato Bcruky HOJI Ha p U q ce pa3inyaBaT 1o YMHOXKEHHE C
HEeHyJIeBa KOHCTAHTa, aKO He e Ka3aHo MHaue, 32 ompezesaeHocT B3umame ged(p, q) za 6bze
YHUTapeH.

Ka3Bame, 4e ITOJIMTHOMUTE p U  Ca B3aMIMHO IPOCTH, aKo ged(p, q) = 1.

OcraBsime HO/] Ha JiBa HyJIEBU ITOJIMHOMA J1a G'b/Ie HEOTIPEZIeIeH.

Teopema 12. 3a gcexu dea noauroma p,q € F[X| ceuwecmasysa edurcmeen c mourocm 0o
YMHOdICceHUe ¢ HeHynesa koHcmanma ged(p, q).

Zlokazameacmso. OT TeopeMa 4 ciefiBa, ue upeansT I = (p) + (q) < F[x] e miaBeH, T.e.
ChILECTBYBA YHUTApPEH MOMHOM d € I, KoiiTo ro mopaxkaa. Torasa d e o0 feiuTes Ha p U

q.
Ho d € I, cneoBareTHO ChILECTBYBAT ITOJIMHOMU U, U € F[X], TakuBa e up + vq = d.



ToraBa 3a BCeKH 001 JIe/IUTeJ g Ha p M q UMaMe p, q € (g) U caefoBareTHo d = up+uvq €
(g), T.e. g nenmm d. Ako deg g = degd, To Te ce pa3iM4YaBaT C HEHyJIEBa KOHCTAHTA.
Torasa d e Hali-roJisiM 00111 IeJTUTEN Ha P U (. O

Kato vacr ot TFOPHOTO AOKA3aTEJ/ICTBO HHE /I0OKa3axXMe U CJI€JHaTa

Teopema 13 (TwxzaecTBo Ha Besy). 3a eceku d8a noauroma p,q € F[X] csujecmgysam
NOAUHOMU U U U, makuea ue up + vq = ged(p, q).

AKo p e HyJIeB U q € HeHy/eB, uMaMe ged(p, q) = p (1 06paTHo). 3a HEHYJIEBU ITOJIMTHOMU
“MaMe SIBEH aJITOPUTHM 3a Hamupane Ha HO/I.

Teopema 14 (Anropursm Ha EBkuna). Heka p u q ca npou3gonHu HeHyneeu NOAUHOMU.
Honazame

faa=p fo=q

Ancopumem Ha Eexaud (k-ma cmesnka): learenemo c ocmamsk Hu 0a8a NOAUHOMU S U T,
maxusa e fr_, = px_1S +r-

1. Axor = 0, aneopumosmsm NPpUKAOUEQ.

2. Akor # O udegr < deg fi_,, nonaeame fi := r U a120pUMsBMBM NPEMUHABA KBM
cmenka k + 1.

Tespdum, ue maxa nocmpoeHama peduya e Kpatia ¢ dsaxcuna m, npu mosa ged(p, q) = fi-

Hoxazamencmeo. THU KaTO MOCTPOSIBAME PeAUIA ChC CTPOTO HaMaJISIBAIM CTETEHH (C
eBeHTyaIHO uskuitoueHue deg f_; < deg f;), Ta3u pefuIia HelIpeMeHHO e kpaifHa. Heka m e
J'bJDKWHATA .

CUHAYKIMUA TIO i = 2, ..., m + 1 1Ile IOKaXKeM, ue f,, 1esu f,,_;. Pasraexgame 6a30BUS
cayvyaii = 2:

1. fin—1 = fnS 32 HIKOU MOJUHOM S U 3HAUU f,,, AU fp,_1.
2. foes = fn_1t + fin = fin(st + 1) 3a HAKOH TIOJIMHOM ¢ U 3HAYMU f,,, IETU U [, 5.

Cera JiomyCKaMme, Y€ fy, eNu fp,_j3a j < i. HO fij = fin—(i—1)S + fim—(i—2) 32 HAKON
TIOJIMHOM § U TI0 MHYKIIMOHHO TIPETIOJIOKEHUE fry NETH fry_(i—1) U frn—(i—2)» C/IEAIOBATETTHO
Jm Ao A fi .

B gacTHOCT, JloKa3zaxMme, ue, f,, AeJu p U q.

Hexka cera g e mpon3BoJieH 0011 IeJTUTeJ HA P U g, T.€. ChII[eCTBYBAT MOJIUHOMU My U h,,
Taka 4ye p = gh; u q = gh,. ToraBa 3a HIKO IIOJIMHOM S € U3ITbJIHEHO

fi = p—qs = ghy — ghys = g(hy — hys),

CJIEZIOBATENIHO g Ziesd fi. ChC CHIOTO Pa3CHK/IEHNE U C MHAYKIUA 110 i = 1, ..., m CTUTaMe
710 M3BOJIA, Y€ g [IeJIU f;, B 9aCTHOCT g JienH f,,. CiemoBaresHo ged(p, q) = fp- O]



1.5. ®opmynu Ha Buer

Teopema 15 (Dopmynu Ha Buer). Heka e 0adeH yHumapeH HekoHcmaHmeH noaunom p(X) =
ZZ:O a; X* € F[X] u nexa scuukume my KOpeHu Uy, ... , Uy, (C e6eHMYAAHU NOEMOPEHUSL) Ca
omF.

Toeasa a, =1u3ak=0,...,n — 1 umame creoHama 8ps3kKa mexcdy KoeuuyueHmume u
KopeHume Ha NOAUHOMA P:

k
a,_; = (-1) Z Ui, oo Uy -

1<ij < <ig<n

Jokazamencmeo. Ciell KaTo BCUMKU KOPEHU Ha p ca BBB F, TO p ce pa3jiara Ha JIMHEWHU
MHOXXUTEU Haf F[X], T.e.

p(x) = (X —up) - (X — uy).

Ile moka)keM TeopemMaTa ¢ MHAYKIUS 110 n = deg p. Ba3oBusAT ciryuaii n = 1 e TpUBUAJIEH,
Thit KaTo ToraBa p(X) = (X —uy) uay = (—1)1u1 = —u;.
Hexa Teopemara e BSipHa 32 BCUYIKH ITOJIMHOMHM OT CTeleH n U p = (X — uy) - (X — Upy1).
ITonarame
qX) =X —uy) - (X — up).

Heka xoedurnuentute Ha q ca q = (b, ... , by,).
WHIyKITMOHHOTO MPEATIONIOKEHNE € U3IThJIHEHO 32 q(X) ¥ OCBeH TOBa MMaMe Bph3Kara

n
X = tp)qX) = X —upyr) ) bXF =
k=0
n+1 n

= Z b1 X5 + Z (—tpy1)beX* =
k=1 k=0

n
= (Up41)bo + Z(bk—l - un+1bk)Xk + ann+1 =

k=1
n+l
= Z aX* = p(X).
k=0



KaTo npupaBHUM Koe(UIMEHTUTE IIpe] CbOTBETHUTE elHOUWIECHHU, IT0JIyJYaBaMe

+1
ag = (—tp11)bo = (—Upy1)(—1)" Z Ui oo Uy = D"ty ety =
1<iy<---<ip<n

= (_1)n Z Uiy - Upgas

1<i <+ <ip<ipp1 <n+l

Api1-k = by—k — Upp1bpy1—k =
k k—1
=(-1) Z Uiy oo Uy, — Upy (1) Z Uiy Uy =

1<iq<--<ig<n 1<iq < -<ig_1<n
_ (1) _
=(-1) Uiy oo Uy + Upyy U Uy | =
1<i;<--<ig<n 1<i)<++<ig_15n
n
= (—1)k , . . —
= Uiy e Uy Ui, +Upyr | =
1<i;<-++<ig_1<n ig=ig_1+1

k
= (—1) Z uil uik,

1<iy <+ <ig<n+1

apy1 =by =1.

2. NpumepHn 3apaum

YcnoBusiTa Ha IpeZICTABEeHUTE 33/1a4u ca B3eTH oT KacmapsH, [Tpumephu 3adauu 3a NOAUHO-
mu 3a cneu. KH.
2.1. AHoTauusa

1. Hamupane Ha HO/I Ha [iBa IT0JIMHOMA - a/IrOpUTHM Ha EBKIIN, THXKAECTBO Ha besy

2. Tlpuiarane Ha opmysiuTe Ha BueT 3a TOJIMHOM C YHUCJIOBU KOoe(PULIMEHTH

2.2. Hain-ronsm o0y genuten Ha NOJMHOMU

3agaua 1.

1. Jla ce Hamepu Haii-2onemusim obuy deaumen d(X) Ha noauHomume

fX)=X>+X2+X+1,
gX)=X>-X+2.

2. /la ce Hamepsim noauromu u(X) u v(X), 3a Koumo e uznsaHeHo msicdecmseomo Ha Be3y

d(X) = fXuX) + gX)v(X).
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Peuwienue.
1. Oemum f(X) Ha g(X):

X+2,

X*-X+2) X* +X* +X+1
-X3 +X2-2x

2X?2 —X+1

—-2X?24+2X—4

X-3

Henum g(X) Ha fi(X) := X — 3:

X+2,

X-3) X* -X+2
- X?+3X

2X 42

—-2X+6

8

MonmmHOMGBT f,(X) = 8 genu f(X), cnemoBarento d(X) = f£(X) = ged(f,g) = 8 u
f(X) u g(X) ca B3aMHO TTPOCTH.

2. I/IspasﬂBaMe OCTaTbIUTE OT ACJICHETO IIPH aJITOPUTHMA Ha EBKJII/I,I[I

AX) = fX) — (X +2)g(X),

dX) = gX) - (x + fiX) =
= g(X) — (x + 2[fX) — X +2)g(X)] =
= (X +2)fX) +[(X +2)" +1]g(X) =

=|(X+2)f(X)+ (X% +4X + 5)g(X) |

2.3. ®opmynu Ha Buer

3agada 2. 3a kou cmotiHocmu Ha napamemaspa p € R kopeHume uy, ... , Uy H@ NOAUHOMA
fX) =X*—8X3 +22X% + pX + 16

U3NBAHABAMN PABEHCIMBOMO Uy + Uy + Uz = Uy?

11



Pewenue. 3amecTBame u, = u; + U, + Uz BbB GopMyIUTe Ha Buer:

8=(u1+1zl2+u3)+u4=2u4=8
- u4=4,

22 = Uy + UqUz + UUyg + UpUs + UplUy + UsUy =
= UjUy + uguz + Uuz + (ul +u, + u3)U4
= UjUy + UjUz + UyUz = 6,

—p - u1u2U3 + u1u2u4 + U.IU3u4 + u2u3u4 -
= w Uyus + (UgUy + UjUs + UyU3 ) U,

= UjlyUz = —p — 24,

16 = (uupuz)uy
= (—p—24)4=16 = p=-28.
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