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MapkoBcku Bepuru ¢ anckpetHo Bpeme. Knacudukauns Ha cbcTosiHuaTa.
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Sluuc Bacunes
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3a BCeKHU Cy4ali IIpoBepeTe AaIu HAMA II0-HOBA PEBU3USA

1. Teopus

Teopusita e 6a3upaHa Ha BoxkkoBa, CayualiHu npouecu, HO HIKOU Hellja ca 3aMMCTBaHU OT
Boposkos, Teopus eeposmiocmeli. EproguyHaTa TeopeMa e otdactu 6a3upana Ha Halidias,
»Ergodic Theorems for discrete Markov chains®.

1.1. AHoTauus

W310)keHaTa aHOTALMSATA € B3eTa oT KoHcnekm 3a J[H 3a cneu. cmamucmuka.
1. JedbuHUIMs 32 MAPKOBCKA BEPUTA.

2. YpasHeHus Ha YennmeH-KosmMoropos.

3. Knacudukauusi Ha CbCTOSHUATA - KPUTEPUU 3a ITPEXOHOCT U BB3BPATHOCT, €profiny-
HOCT.

4. I'paHUYHU BEPOATHOCTU.
5. CranioHapHU I'PaHUYHU paslpeesIeHUs.

6. Eproguyna Teopema.

1.2. OCHOBHU NOHATUSA

[Ile cunTame, 4ye € GUKCHPAHO HIKAKBO BEPOATHOCTHO IIPOCTPAHCTBO (Q, ¥, P).


https://github.com/v--/se2018

Onpezgenenue 1. Ciay4yaeH mponec ¢ JUCKPETHO BpeMe HapriaMe pPefuLia OT CIydaiiHu
BesmmunHu {&y, &, ...}

IIle mpeamoarame, ye BCUYKHU &y, &, ... Ca AUCKPETHU ChC CTOITHOCTH HEOTPULIATETHI
LIeJIY YUCIIa.

Axo &, = i, e Ka3BaMe, Ye MPOLIECHT € B CHCTOSHHE | B MOMEHTA N.

BepositHocTTa P(§,, = j | {,_; = i) HapuYaMe BEepPOSITHOCT 3a IPEXOJ OT i KbM j B
MOMEHTA n. AKO BEpOATHOCTUTE 3a IIPEXOJ] HE 3aBUCAT OT MOMEHTA, Ka3BaMe, Ye IIPOLeChT
€ CTalfMOHapeH.

Iporecst {&y, &, ...} HApUYaMe MapKOBCKa BEPUra, aKo 3a MPOU3BOJIHO IISIJI0 YUCIIO
n > 0 ¥ CbCTOAHUA Jg, ... , J,; € USIIBIIHEHO

P(gn = Jjn | gn—l = Jn-1> gn—Z = Jn—2s > 50 = JO) = P(gn = jn | gn—l = jn—l)-

Axo o3HaunM 0(§y) = {&; 1(B) | B € B(R)}, ropHOTO yCJI0BUE MOKe Jla Ce 3aIlUIIe U Upe3

P(gn = jn | U(gn—l)a O'(gn—z), cee 0'(50)) = P(gn = Jjnl O'(gn—l))-

3abenexcka 2. Tlpeanonarame, de caydaiiHuTe BeTnduuu &, &, ... MOrat Jja mpremMar 3a
CTOHHOCTH ITPOU3BOTHY TIOJIOXKUTETHU 1IN Yrcia. 3aToBa Iie paboTum ¢ 6e3KpaiiHu
BEKTOpPHU U MaTpUIU. [Topait HOPMUPAHOCTTA U HEOTPUIATETHOCTTA HA BEPOSTHOCTHATA
MsIpKa, o6aue, paboTara c Te31 BEeKTOPU M MaTPHULIM HsMA /Ia HU Ch3/iaBa ITPOOIeMU.

C V uie o3HauaBaMe JIMHEHHOTO ITPOCTPAHCTBO OT PEAUIIU OT IOJIOXKUTEHU LIeIM YHCa,
a c V X V IpocTpaHCTBOTO OT 6e3KpaiiHU MaTPULIM OT ITOJIOXKUTETHY 1eJIU YUCIA.

II1e pa3rieamMme caMo eTHOPOJTHU MapKOBCKH BEPUTH, 32 KOUTO Ca 33J[afIeHH BEKTOP OT
Ha4yaJHU BeposATHOCTU B = (b, by, ...) € V 1 MaTpulla Ha IpeXOUTe

Poo Po1 Doz
p= Pio Pi1 P12 - cEVXV,

D20 P21 D22

Taka 4e ca usbaHeHu P(§, = i) = b; u P(§; = j | § = i) = p;j 32 NPOM3BOJIHU CHCTOSHUS i
Uj.

Omnpepenenue 3. BekTopbT v € V HapudyaMe CTOXaCTHYEH, aKO eJIEMEHTUTE MY Ca He-
OTPUIIATESTHA U CE CYMHPpaT /Io eAuHUIA. Marpuiiata A € V X V Hapudame (JsICHO)
CTOXaCTHYHA, AKO BCEKU HEMH PEJ] € CTOXaCTUYEH.

3abenexcka 4. TopHaTa fepuHULIMSA ce IpeHacs 6e3 U3MeHeHUs BbpXy KpaliHOMEpHHU JIU-
HeWHU NPOCTPaHCTBA.

TBBpAeHUe 5. Bexmop-pedsm B om HauaaHu 8eposimHocmU U Mampuuama Ha npexodume
P Ha edHa mapKkoscka éepuea ca cmoxacmu4Hu.

Joxazamencmeo. Tbii KaToO BEKTOPBT B HAITBJTHO OMKCBA Pa3IIpesieIeHNETO Ha &), eJleMeH-
THUTE MY C€ CyMHPAT /10 eANHUIIA.



3a ¢uKcupaHo Yyucio i feuHupame CbOUTHETO A; := {w € Q | §y(w) = i}. Torasa i-TusT
pez Ha MaTpuIaTa P HAITBJIHO OITMCBA YCJIOBHOTO pas3IipesieieHre

P(§1=j|Ai)=P(§1=j|§0=i)-

CiiegoBaTeIHO
Zpij=ZP(§1=j|§o=i)=zp(§1=j|Ai)=1.
j=0 Jj=0 Jj=0

1.3. YpaBHeHus Ha Yenmen-Konmoropos

Hexka e gasieHa MapKOBCKa BepuUra C Ha4YaJlHY BEpPOSITHOCTU B 1 MaTpUIja Ha rpexoauTe P.

n . .
O3HavaBaMe C pf} ) BEPOATHOCTTA Jid IIPEMUHEM OT CbCTOAHUE | B CbCTOAHUE j 3a N CTBIIKH,
T.C.

PP =P, =1 & =1).

Jlema 6. 3a npou3soaHo uysno n > 0 e u3nsaHeHo, e n-kpamuama cmenet P na mampuya-
)

ma P uma eaemernmu pf}q :
Jokazamencmso. Ille jokakeM TeopeMara 1o MHAyKusA. CiaydasaT n = 1 e TpUBAAJIeH, ThA
KaTo P TI0 oIpeJiesieHre € MaTpULiaTa OT IPEXOAHU BEPOSITHOCTH 3a €HA CTHIIKA.

Heka mpeamosioyum, 4e TeopeMaTa e BapHa 3a P"~1. BeposaTHOCTTA [ja IPEMUHEM OT
CBCTOSTHHE [ KbM CBCTOSTHHE j 33 M CTBHIIKU TOTaBa € CyMaTa Ha BEPOSITHOCTUTE IO BCUUKU
TpaekTopuu. OT popMyJiaTa 3a I'bJIHATA BEPOSITHOCT UMaMe

PP =P =jlé=0)=

ZP(%‘":]' | 1=k & =DPE1=k|§=1)=
k=0

= 2 PEn=Jlbn =P =kl &=0=

k=0

9
-1
=Y ppe Y =
k=0

o (n-1)
-1
= > Pk Pkj-
k=0

Ho ToBa 10 OIpeZieIeHre ca MMEHHO eJIEMEHTUTEe Ha MaTpulara P*~!P. CiemoBaTeiHo
n
Marpuiiata P"* nma ejsieMeHTU pg i ), O

3abenexcka 7. JlemaTa Baxkul ¥ 3a n = 0, B KOITO cjIy4yail oJydaBaMe eJMHUYHATa MaTpUL.
BeposiTHOCTHaTa MHTepIIpeTanusl Ha TO3U (haKT e, 4ye BCIKO ChCTOSIHHE C BEpOSITHOCT 1
Joctura cede cu 3a 0 CTBITKM.



Teopema 8 (YpaBueHus Ha YenmeH-Kosmoropos). 3a npouseonru ueau m,n > 0 e u3nsa-
HeHO
(ntm) _ 1 () (m)
n+m) _
bij = Z Pik Pk
k=0
3a 8ceku d8e cecmosaHus i, j > 0.

Jokazameacmeo. OT CBOMCTBaTa Ha MAaTPUYHOTO YMHOXKeHUE UMame P't™ = P"P™_ Jle-
Ma 6 HU Ka3Ba, 4e TOBa € IPOCTO MaTPUYEH 3aIKC Ha ypaBHEHUSTA OT YCJIOBUETO. O

CraencrBue 9. Besycaosrama seposmuocm P(&, = i) 3a mosa 0a ce Hamupame 8 c6CmMosiHue
i 8 MOoMeHma n e i-mama KoopduHama Ha sekmopa BP™.

Hoxazamencmeo. OT ¢opmysiara 3a TbJIHATA BEPOSTHOCT UMaMe

o0 o0 o0
P =)= P& =ilé=kPE=K= pisi= > bipir,
k=1 k=1 k=1
KOETO 10 OTTpeJiesieHre € UMEHHO i-TaTa KOOpAIMHATa Ha BeKTOp-pesia BP". O

1.4. Knacudmkaums Ha cbecTosiHusATa

3a CbCTOAHMA [ U j BbBEXKJaMe O3HAUYCHUATA
(n) _ . . . .
fij =Pln=Jbna#FJ 1 #Fj1& =1,
o0
(n)
fij Z fijn .
n=0

0 0 " .
BuyacrHocr, flg ) = pl(j) = 6;j. CroitHOCTTA fign) € BEPOATHOCTTA 3aII0YBAMKU OT ChCTOSTHHE

[ /1a IOCTUTHEM 3 TIPBB ITBT ChCTOSIHUE j 32 TOYHO N CTHIIKH, & f; j € BEPOSTHOCTTA U3TU3ANKH
OT CBhCTOSTHUE § HSIKOTA J]a CTUTHEM JI0 ChCTOsTHUE j. B Teopema 15 mie Bugmm, ue f;; € [0, 1].

Onpeaenenue 10.

+ CBCTOAHMETO j C€ Hapuya JOCTHMXXUMO OT CHCTOSHUETO i, aKO p§n)

ij > 03aHAKOe
n > 0.

« CbCTOAHUATA i U j Ce HAPUYAT CHOOGIABAIIIY Ce, AKO Te Ca IOCTHIKUMU €JHO OT APYTO.
Inmem i < j.

+ EaHa MapKOBCKa Bepura ce Hapuya Hepas3JI0KHUMa, aKO BCEKHU JIBE HEHHU ChCTOSTHUS
ca ChOoOIIaBaIIY Ce.

« CBCTOSTHHETO i ce Hapria HOIIBIAII0, AKO HUKOE JAPYro ChbCTOSTHHUE HE MOJXKE J1a
ObJle JOCTUTHATO OT HETO.

« CBbCTOSIHMETO i ce Hapyu4ia Bb3BpPaTHO, aKo f; = 1.



+ CBCTOSIHMETO i ce Hapyu4ia MPeX0AHO, ako f;; < 1.

()

+ Axo f;; > 0,uuncsnoro d; := gcd({n > 0 | p;;” > 0}) ce Hapu4a MePHOA Ha CbCTOSHUETO

i. CpcrostHME ¢ Iepuog d > 1 ce HapHU4a MEPHOAUYHO C ITepuo d, a CbCTOSTHUE C
repuoz 1 ce HapuYa alIePUOTUIHO.

o AKO BCUYKHU CHCTOSTHHS Ha €AHa HEPA3JIOXKMMa MapKOBCKa BEpUra UMarT II€PUO/ d,
caMaTa Bepura C€ Hapr4ia mepruogmuIHa C rieprog d.

TB’I)p,[[eHI/Ie 11. Peﬂabguﬂma <> e peaayusi Ha eKeU8aNeHMHOCMmM 8 MHOMCECMeomo om CeCmo-
AHUA.

Jlokazamencmaso.
1. i & i, ThI KaTO BCSIKO ChCTOSTHHUE JJOCTUTA cebe cH 3a 0 CTBIIKU.
2. AKo I < j, TO 11O OIIpefiesIeHUe j < I.
3. Akoi < ju j + k, ToraBa oT ypaBHeHusTa Ha YernmeH-KoMoropos ciefBa, ye i < k.
O
ToBa HU 1103BOJIABA /1a pa30reM MHO)XXECTBOTO ChCTOSIHUS Ha HEIpecHUyalliy ce KIacoBe.

CiaencrBue 12. EOHa MapKo8cKa 8epu2a e Hepa3noicuMa movHo moeasa, Koeamo uma
eduHCmeBeH KAac ce00u,asauju ce CoCMoaHUs.

TebepaeHue 13. [TepuoduuHocmma e cs21acy8ama ¢ Kaacoseme cs00u,a8auyil ce CsCMosHUSA,
m.e. 08e nepuodUUHU UAU ANEePUOOUHHU CBOOUABAULU Ce CBCMOSTHUE UMAm eOUH U CoUllU
nepuoo.

(n)

Jokasameacmeo. Heka i < j, T.e. 3a HAKOM 4MCJIA N, m > 0 ca U3M'BJIHEHU p;;° > O U
pj(-m )>o0.

Heka mbpBo i e anepuoguyHo. Torasa 3a IporU3BOIHO k, 32 KOETO ni(ik) > 0, € U3II'BJIHEHO
pl(i"+k+m) > 0. Ho axo ged({k | k > 0, pl(ik) >0})=1,toged{n+k+m| k>0, pgi") >0}) =
1. Ciie;0BaTEIHO ChCTOAHUETO j CBHILO € allepUOJUYHO.

Heka cera i He e aneproguaso. Torasa p "™ > 0 u cregoBatenso d; | (n + m). AHao-
THYHO TI0Ty4aBaMe p}}’”") > 0, cateoBarenHo d; | (m + n).

ToBa e BSIPHO 32 BCUYKU N1, m > 0, 32 KOUTO pgl) >0u pj(im ) s 0. ITa 3a0e1eXUM, Y€ Thi

KaTo U J{BETE ChCTOSIHUSI HE Ca allePUOJIMYHY, p;; = pjj = 0, T.€. [ MOXKe /]a JOCTUTHE ceGe CU
caMo NpeMHUHaBaliku rpes j. CiezioBaresiHo uncnara d; U dj UIMar eIHU U ChLIU KPaTHU U
3Hayu d; = d;. O

CaeactBue 14. EoHa Hepa3a0icuMa MAPKOBCKA 8epuea e nepuoduuta ¢ nepuod d ako noxe
edHO, @ ommam U 8CUMKU CoCMOAHUA UMam nepuod d.

(n)
ii

Teopema 15. CacmosiHuemo i e npexo0Ho, MO4HO Ko02amo pedsm Z;o_l p;; e cxodauy. B

npomueeH cnywaﬁ, C6CMOosAAHUeno e 6636paAnNHo.



Jokazamencmeo. Pasrnexxzame nopaxzgamure GyHKIUU

ﬂ@—zﬁ”" M@—ZEMW
3a peiuLIUTe

k k) oo
{f( )}k=1’ {pfl )}k=1'

ITo popmysaTa 3a IrbJIHATA BEPOSATHOCT 3a 1 > 0 UMaMe
pi = Ha-u%—o—

= Zp(gn—ﬂgk—l,gk 1F b1 #FL8=DPE =08 #1,...6 #i|§H=10)=

k=

P(gn—l|§k—l)P(§k—l§k1¢l SE#FIEH=1)=

p(n §00)

Torasa 3a z € (—1,1) umame

p(z) = Zé?

n

pii2" =

I
MS I
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(n k) f(k)
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Fn (1 N Z P k)
21+ p(2) =

f@A + p(z)).
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Ionyynxme
p(z)

f2) = T+ p@)

Penbr
Zﬁm—Mw@

€ Pa3xXosiy TOYHO TOTaBa, KOraTo limz_ﬂ f (z)=1.
Or apyra cTpaHa, TOPHUST PeJi € CXOSI, TOYHO KOraTo

m _ _p)
Z Ji 1+ p(1)

T.e. KOTaTO ChbCTOSHUETO i € IIPpEXOAHO.



1.5. 'paHMYHM BEpOATHOCTU N eproanyHa Teopema
MHTepecyBa HU I'PaHUYHOTO II0BeZIeHNe Ha BEPOATHOCTHUTE 3a IIPEXOAUTE.

Omnpegenenue 16. CiyyaliHuUTe BeJIMUUHU

T(n) . o, n=20

A P -1 :
J m1n{k>1;-(n )|§k=]}, n>0
ca MOMEHTHUTE Ha n-TOTO IIoIIaJlaHe B ChbCTOSIHUE j.
CirydailHUTE BEJIMYNHUA Mj(n)

m _JL&n= n) Z" (k)
»oSn —
= ] s M:" = w,

ca 6POAT MOMAJAHUA B CbCTOSHUETO j 10 MOMEHTA 1.
OuakBaHUAT 6POY CTBIIKU, KOUTO Ca HEOOXOIMH, 32 /1a Ce BbPHEM B CbCTOSIHUE j, TP'BI-
BaliKy OT Hero, 03HayaBame C

q=BI0 6= = Y nPE = iboy # i b £ & =1) = Y nfi".
n=1 n=1

Ompepesienue 17. Bp3BpaTHOTO CHCTOSHUE i C€ HApUUA IOJOXKUTEIHO BE3BPATHO, AKO
OYaKBaHETO T7; € KpaliHo. B IpOTHBeH ciy4ail, CbCTOSHUETO ce Hapuya Hy/1€BO Bb3BPaTHO.
ITosmoxxuTeIHO BB3BPAaTHO allepUOAUYHO ChbCTOSHUE CE HApU4a eprogudHo.
AKO B e[jHa HepasJIoKMMa MapKOBCKa BEpUra IIOHE €JHO CbCTOSIHUE, a OTTaM U BCUYKU
CBCTOSIHUSA Ca IIOJIOKUTEIHO BB3BPaTHU, TO caMaTa Bepura ce Hapuya IIOJI0XKHUTETHO
BBb3BpaTHA. AKO IIOHE €JHO CbCTOSIHUE € eprofiMYHo, CaMaTa Bepyra ce Hapuda eproguyHa.

Omnpenesenune 18. Heka e 1azeHa MapKOBCKa Bepura ¢ marpuia Ha npexogure P. Croxac-
TUIHUST BEKTOP 7T = (7T}, 7Ty, ...) HApUYAMe CTAIfMOHAPHO pas3npeesieHre Ha BEpUrara,
aKo 7T yIOBJIETBOPSIBA MaTPUYHOTO YpaBHEHUE

7w = 7nP.

Axo rpanumnara lim,,_, ., P"* chlecTByBa U peJloBeTe Ha IToJlydeHaTa MaTpUIla ca paBHH,
TO IIPOM3BOJIEH PeZ Ha MaTpHUIlaTa HapruiyaMe IPAHUYHO pasmpe/ieleHre Ha BepUrara.

Teopema 19 (Eprognuna teopeMa). Heka e dadeHa Hepa3noicuma noA0JNCUMenHo 8636pamHa
Mmapxkoscka gepuza. Toeasa ca 8 cuaa pageHcmsaama

(n) n
1 M; 1
- = lim —— = lim —Zpg-{) Vi >0,
75 n-»oo N n—oo k=1

K®50emo cXo0umMocmma e no 8eposmHoOCH.

1
Ocser moga sexmopsm m = (71, 75, ...) € KOOPOUHAMU TT; = — € CMAYUOHAPHO pasnpede-
.

J
JlIeHUe Ha eepuecama.



Jlokazameacmeo. Tbii KaTo Bepyrara € MoJIOKUTETHO Bb3BPATHA, OYAKBAHETO 7j > 1 €
. " 1
KpaHHO 1 CJIe/I0BATEIHO CTOMHOCTUTE 7 = — € (0,1] ca mobpe gehuHUpaHH.
J

ITpBO 1Ie IOKAYKEM PABEHCTBOTO

dukcupame MPOM3BOIHY CHCTOSIHUE j 1 MOMEHT 1 > 0. []a 3a6es1e)XuM, ye 3a IPOU3BOTHO

k+1 k

k > 0 paznukure ’_I}( ) _ ZI}-( )
O4YaKBaHe

Ca HE3aBHCHMMM U €JHAKBO PA3IIpEAC/ICHU C (YC.TIOBHO)

k k-1 .
ET® -1V g =i)=1

Or YCHUJ/IEHU S 3aKOH 3a IroJIEMUTE Y1 C/lda UMaMe

T-(n) 1 n—1 (es1) ®
J +1
_—_kEO(Tj _Tj )n_)Tj

IIOYTU CUTYPHO.

(n)
1)

CﬂyqaﬁHaTa BE€JIMYMHA ]} € MOMCHTGBT Ha ITIOCJICAHOTO IT0IIagaHE€ B ChbCTOAHME ]

peau MOMEHTaA n. ITo Ta3u IIpUYrHa € U3II'bJIHEHO

(n) (n)
M:™) (M:7+1)
j J S n S 7‘; J .

Jenum Ha Mj(") U II0JIyYaBaMe

M) M{M+1)
g n 5

< <
(n) T a7 4 en) (n)
M; M; M7 +1 M

M +1

Ot nemara 3a MUJIMIIUOHEPUTE I10IydaBaMeE, 4€

lim =T
n—oo .(”) J
J
10 BEpOSATHOCT. EKBUBaJIEHTHO,
M
lim —— = 7. (1)
n-»oco N

Cera Ie€ JOKa>XEM paBEHCTBOTO

(n)
M.
lim —L— = lim p@ Vi > 0.

i
n—-oco N n-oo W



duKcHpaMe U3XOHO ChCTOsTHHUE i. [ToHexe cxoguMocTTa B (1) € 110 BEpOSITHOCT, BAXKU U
CXOJIJMMOCT T10 pa3Impe/ie/ieHue, CIefl0BaTeTHO 3a BCsIKa OTpaHNueHa HellpeKbCcHATa (PyHKIIUS
g UMame

M M
‘%’0 =i|=Eg| lim
n—-oo

lim Eg

‘50 =i|=Eg(m| & =10). (2)
n—->oo
ITocieHOTO CJIeBa OT, HapUMep, BOpOBKOB, Teopiis 6eposimiocmeli, CIeACTBYAE 2 HA

crp. 119.
(n)
Ja 3a6esiexuM, ye —— < 1 ¢ BeposiTHOCT 1. IToHexe g(x) := max(x, 1) e orpaH1YeHa

HeTpeKbCcHaTa (byHKLU/I;{, (2) mpumo6buBa BUIA

M

lim E

n—->oo

6o =i]|=E(m | & =0)=m

Ot gpyra cTpaHa,
(n) :
E(M;™ | § =1) 1 <
T J T (k) T (k)
7= i e = i YR == im0

B gacTHOCT, osfyyeHaTa CTOMHOCT He 3aBUCH OT HAYaJIHOTO ChCTOSIHUE .
BeKTOPBT 7T € CTOXaCTUYEH, Thil KaTo

2 2 e = im sy e = iy 2 1=t

OcraHa caMo [ja JJOKaXXeM, Y€ BEKTOPBT 77 € CTalJMOHApPEH. YpaBHEHUATA Ha YenMeH-
Kosimoropos HU fjaBaT

[o¢]
2 ibij = Z( lim — Z pgfl))pu
i=0 i

= lim — Z“Z;)pﬁi?pu

lim — Z p(kH)

n—-oo N

..on+1 1 (k) _
lim .
n»o N n+1 kzzl() mj ="

O]

n
AKO MapKOBCKaTa BEpUTa € U allepuoiuIHa, peaurara { pl( i )} CX0XIa KbM 77j. JloKaszaTest-
n
CTBOTO Ha TO3U (DaKT e TPYL0EMKO U 3aTOBa CaMo 1iie r'o popMysrpame.



n
To ce 6a3upa Ha dakTa, 4e aKo peAuIiaTa {pgj )} € CXOJISIINA, TSI CXOXKJAa KbM ChIaTa
n

o 1 on (k)
CTOMHOCT KaTo ChOTBETHATa pezuiia Ha Ye3apo {- ), =1 Pij
n =

(nd)

KBbM 77j. AKO BepUrara e epuoAnYHa C IIEpUOJ d, pjj = 0 Vn > 0, T.e. peauiiata uma

6636p0ﬁ HYJIEBU YJIICHOBE 1M HE MOXKE [1d CX0XKJAa KbM ITOJIOXKUTEITHO YN CJIO.

} , 3a KOSATO 3HAEM, Y€ KJIOHHU
n

CaenctBue 20. Axo eepucama e ep200uUHa, mo2asa

1 (n)
7= Jim i

1.6. TlpunoxeHus
1.6.1. CnyuaiiHo 6ny>xpaeHe

EnuH mpoct npuMep 3a MapKOBCKa Bepura ¢ 6e36poii CbCTOSHUS e CIy4aiHOTO OIy KAaeHe
cBepoATHOCT p € [0, 1], HapHUyaHo olle caydyaiiHa pa3xofKa. B To3u cydaii MHO)XKECTBOTO
OT CbCTOSIHUSA € Z, Ha4aJIHOTO ChCTOSAHME € 0 C BEPOATHOCT 1 1 BEpOATHOCTUTE 3a IIPEXOJ, ca

D, j=i+1
P(§n=j|§n_1=i)= 1-p, j=i-1.
0, HHaye

OueBU/IHO €JHO CIIy4aiiHO OJIy>KJjaeHe e Hepa3ioXKUMa, Bb3BpaTHA U IepUOoiNYHa Map-
KOBCKa Bepura C Iepuog, 2.
Hexka 71,75, ... ca He3aBUCHMU CIy4aliHU BEJIMUUHU C €LHAKBO pas3lpefiesieHre

P, =1)=1-PO =—-1) = p.

n o
Cymure uMm &, == 3, _| 7)) TOraBa 06pasyBar cy4aiiHo GryKziaeHe.
ToBa HM ITO3BOJISIBA /1A IIPECMETHEM JIECHO OYaKBAHETO Ha IIpolieca:

E(gn) = E(Z nk) =
k=1

n

= >, E(n) =

k=1

=20 p+(=D-0-p)=
k=1

2.ep-1=
k=1
n(2p —1).

1 .
Axo p = 5> OJaKBame mporeca 72 (bJIyKTHpa OKOJIO HAa4YaJIOTO. B MpOTHBeH ciydaii,

rpanunara lim,,_, , E(§,) He chlecTByBa.
AKO BB3MO)XHUTE ChCTOSTHUS Ca KpaifHO MHOXeCTBO {m, m + 1,...,M — 1, M} ot 1iesu
YHCTa, ChCTOSTHUATA ¢ m U M ce HapuyaT 6apuepHu. Pasriexxgame JiBa ciaydas:
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« Bapuepute HapryaMe IOIIBLIAINA, AKO

. 1, j=m
P(§n=]|§n_1=m)= >
0, wuHaye
. 1, j=M
P("Sn:]|§n_1=M)= .
0, wunHaye
« Bapuepure HapruyaMe oTpassaBaIlU, aKO
. l, j=m+1
P({n =1J | gn—l = m) =
0, wunHaye
. l, j=M-1
P(€n=]|§n_1=M)= .
0, wnHaye

Paz6upa ce, BB3MOKHO € elHaTa 6apuepa Jia O'b/ja TOTThINATa, a IpyraTa - OTpa3siBaiia.
CirydaifHUTE pa3XO/iKy ca N3KJIIOYUTETHO ITPUI0KUMU KaTO IIPOCT MO/IeJI, OITKICBALL]

1. mayii ieHaTa Ha eTHa aKIYsI e Ce MIOKAYW WJTH IIIe TIaJTHE 32 IaJIeH TIEPUOJ, OT BPEME.
2. eZTHOMEPHH MPOEKITMH Ha XaOTUYHH JIBMDKEHHUSI Ha YaCTUIIH.

3. ,Z[I/I(by3I/IﬂTa Ha U3KYCTBEHO BbBEJI€HA ITOITY/IallUsI dKUBOTHU.

1.6.2. NeHepupaHe Ha TeKkCT

MapKOBCKUTE BEPUTH C KpaeH 6poii ChbCTOSTHUS MI03BOJIIBAT JIECHO []a Ce F'eHepupa TeKCT.
Hexa W e KpaeH peyHUK, T.e. MHOXKECTBO OT JyMU. O6GUKHOBeHO W ce chOUpa OT UCTUHCKU
TEKCT.

JedrHrpaMe MapKoBCKa Bepura Haj, W kaTo 3ajaBaMe MaTpHLa P OT IpexoJHU BeposiT-
HOCTH, 6a3MpaHu Ha TOBA KOJIKO YECTO Ce CpelaT AyMuTe oT W rocseoBatesHo. I10-ToO4HO,
JeduHUpaMe pefuIia Wy, Wy, ... OT JYMHU, BCAKA OT KOUTO € CJIy4daliHa BeJTMYMHA ChC CTOM-
HOCTU BBB W U yc0BHU BepossTHocTu P(w,, = j | w,_; = i), 6a3upaHu Ha MaTpuIjaTa
P. TpaeKTOpHHTE Ha TO3U IIpolLiec ca 6e3KpaliHy n3pedeHus, 6a3supaHu Ha OpUTMHATHUS
TEKCT.

AKO pasriosiaraMe ¢ MeTO/, 3a CUMYJIMpaHe Ha JUCKPETHU CIyYaliHU BeJIMYMHU C KpaeH
Opoii CTOMHOCTH, MOXKEM Jia reHepupame TEKCT C IIPOM3BOJIHA b/DKHUHA.

KaTo mpoct nmpuMep MoxeM Jia pasriiefiaMme u3peueHuero ,, Ty Basiu, Ty He Bayiu“. [Ipexos-
HUTE BEPOSATHOCTU 32 HETO ca

Ty BajJud He
Ty 0 05 0.5
Bam1 1 O 0
He 0 1 0

Karo nmpuMepeH pe3y/ITar oT reHeprpaHe Ha TEKCT C MapKOBCKa Bepura, 00ydeHa c TOpHOTO
U3pedeHne, MOYKEM Jia TIOJIyYUM U3PEeYEHHETO ,, TY BaJIU, Ty HE BaJIk, Ty BaJIH, Ty He BaJIH,
Ty He BajIu“ (C BMbKHATH 3aIleTaliky 32 YeTUMOCT).
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