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1. Teopus

TeopusiTa e mpeJcTaBeHa Mpe/icTaBeHa C MUHMMAaJTHU TIPENPATKU KbM TeOpUdTa Ha MIpKaTa
U e 6a3MpaHa YaCTUYHO Ha U3JIOKeHUEeTo B BOpOBKOB, Teopus geposmHocmeli 1 JUMUTPOB
u SIHeB, BeposimHocmu u cmamucmuxa. 3a bJIHOTA ChM BKJIFOUMJI JOKA3aTeJICTBA HA OCHOB-
HUTE CBOMCTBA Ha MOPKJAIIH, TOPAXKIAIIN MOMEHTUTE U XapaKTepUCTUYHA (PYHKIUU. 32
Jla ce 3ama3y MpOCTOTaTa Ha U3JI0YKEHUETO, He Ca BKJIFOUEHU IMOHATUSA KaTo QYHKIUA Ha
pasnpezesieHre U (QYHKIUSA Ha BEPOSITHOCTHUTE.

1.1. AHoTauumna

H3noxxeHara dHOTanusATa € B3€Ta OT Koncnexkm 3a ﬂH 3a cneuy. cmamucmuka.

1. eduHuius 3a AUCKPETHO paslpeziesieHre Ha CayJaliHa BeJIMUHa.

2. HEOTpI/IHaTe.HHOCT 1 HOPMUPAHOCT Ha BEPOATHOCTUTE HA JUCKPETHA Cﬂy‘{aﬁHa BEJIN-
YH1HA.

3. JJepuHULIMSA 32 MOMEHTHTE Ha AUCKpPETHA CaydaliHa BeJIMYHHA.

4. NeduHULUS U cBOMCcTBA (6e3 JoKa3aTesICTBA) Ha MTOpaXkAala/ mopaXk/iaiia MOMEHTH-
Te/XapakTepucTuaHa (GpyHKIus (110 U360p).

5. JleduHHIMS, KOPEKTHOCT, MOTUBHPAIL] ITPHUMED, ITOPaXKAAINa/TIOpaXKaIia MOMEHTH-
Te/XapaKkTepucTUIHA QYHKITMSI, OYaKBaHE U AUCTIEPCHUS Ha JIBe N30PaHU OT KOMUCHUSTA
JIUCKPETHU pa3mpe/ie/IEHUs.
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1.2. OcHoBHU aecpHULMM 1 Teopemn

Onpenesnenue 1. (PeasHa) caydaiiHa BeJIMYMHA HAJl BEPOSITHOCTHOTO ITPOCTPAHCTBO
(Q, F, P) Hapuuame Bcsika uamepuma pyukmus £ © Q — R.
YC10BUETO 32 U3MEPUMOCT Ha § MOXKe /]a Ce 3aITHIIe TaKa: 32 BCSIKO 60PEIOBO MHOXKECTBO
B € B(R) umame
EIB)={we Q| é(w)eB}e 7.

PasnipeneneHue Ha £ HapuuaMme MsipKaTa
P:(A) = P(§ € A).

JIBe cydaiiHU BEeJIMYMHU & U 7) HApUYaMe He3aBUCHMHM, aKO 32 BCUUKU A,B € F e
U3IThJTHEHO
P(§ € A,n € B) = P¢(A) P,(B).

CiyuaiiHarta BelnIurHa § HApUYaMe JUCKPeTHA U Ka3BaMe, ue & MMa AUCKPETHO pa3mpe-
JileJleHHe, aKo Ts1 IIpreMa KpaitHO WM U36POMMO MHOT'O CTOMHOCTH X1, X, ... C BEpOSTHOCTH
CBHOTBETHO

pr =P =x),k=1,2,....

MHO>XeCTBOTO OT CTOMHOCTHU Ha & 111e Gesexxum ¢ img(§) = {x;, x5, ...}.

Teopema 2. Peduyama py, p;, ... ca e peduy,a om 6eposmHOCMU HA HAKOSL OUCKPemHa cay-
ualiHa 6eAUMUHA M02a6a U CaMO Mo2asa, K02amo ca U3NsAHeHU

pr=>0,k=1,2,.. (HEOTPHUIIATETHOCT)
Z Px = (HOpMHpaHOCT)
K

Teopema 2 HU 1aBa 0OOCHOBKA [la 33/jlaBaMe JUCKPETHU CITyYaiiHU BeJTUUMHU U3LISIO0
Yype3 peJIUIlN OT BEPOSITHOCTH, T.€. 6€3 U3PUIHO /Ia 33/laBaMe BepOSTHOCTHU ITPOCTPAHCTBA.
ITo Ta3u npyUYKHa ITOHAKOTa paslpeeieHUe Ha JUCKPETHA CIydaiiHa BeJIMYMHA HaphJaMme
He ChbOTBETHATa BepOATHOCTHA MSIPKA, a peAIIaTa OT BEPOSITHOCTUTE.

Zlokaszamencmeo Ha meopema 2.

JloKa3aTeJICTBO Ha AOCTATBYHOCT. Heka £ e TUCKpeTHa CiTyJyaiiHa BeJIMUMHA HaJl BEPOsIT-
HOCTHOTO TTPOCTPaHCTBO (Q, F, P) CbC CTOHHOCTH X1, X5, ... © BEPOSITHOCTH D1, Py, -
Toit kaTo P : F — [0, 1] e BeposITHOCTHA MSPKA, IUPEKTHO TI0TyIaBaMe

P = P(§ = x) €[0,1]



3aBcAIKOk =1,2,...u

Dibk=2P¢=x) =
X 3

Y Pwe Q@ =x}=
k

P(U{w €Q|é@) = xk}) =
k

=P({w € Q| §(w) € img(§)}) =
= P(§ € img(§)) =
=1.

IToka3aTeCTBO Ha HeoGxoguMocT. Heka peunara p;, ps, ... yAOBJIETBOPSIBA YCIOBHUSTA
HEOTPUIIATETHOCT U HOpMHUPAHOCT. ITpe/rnosiaraMme, 4ye TOBa Ca BEPOSITHOCTH 33 HIKAKBU
eJleMeHTapHU chouTHs Q = {w;, W,, ... }.

Hedunupame caydaitHara BesmauHa & @ Q — R, &(wy) = py, KOATO € U3MepUMa Ha/
(Q, P(Q)), Tii Karo mpao6pasbT £ ~1(A) Ha Besko 6opeoBo MHOkeCTBO A € B(R) e moa-
MHOXXECTBO Ha Q.

Cera gedunupame P(A) = Zw A &(w). Tasu cyma e 100pe AedUHUPAHA, THil KATO peIbT
2. Dk € 26COJTIOTHO CXOZISIL CTIOPE| HEOTPHIIATETHOCT U CJIE/IOBATETHO BCEKH MO/IPE/ ChIIIO
€ aBCOTIOTHO CXOZSIII.

P e BeposiTHOCTHA Msipka Ha (Q, P(Q)), Thii KaTo

1. (@) =0,

2. P(A) = Zwe " &(w) > 0 3a mpou3BOIHO cHOUTHE A C ) CTIOpEZ] HEOTPUIATETHOCT,

3. B(Uz A1) = Toeye, 4, 6@ = T, T, @) = T2, PA),

4. P(A) < 1 3a mpousBoaHO croUTHE A C Q) criope[ JoKka3aHaTa aJUTUBHOCT ¥ HOPMU-
PaHOCT.

Taka MOCTpoUXMe AVCKpeTHA CydaiiHa BemuuHa § HaJ| mpocTpaHcTBoTo (Q, P(Q), P) ¢
BEPOATHOCTH P1, D2, --- O

Teepaenue 3. JuckpemHume cayuaiiHu 8eau4uHuU Had eOHO 8ePOAMHOCIHO NPOCMPAHCINGO
(Q, F, P) o6pazysam auHeliHO NPOCMPAHCIBO OMHOCHO Onepayuume cs0UpaHe U yMHodNceHue
c uucno.

Jloxazameacmeo. Ille JokaxeM caMO 3aTBOPEHOCTTA OTHOCHO OIEepaI[UuUTe, Thil KATO OCTa-
HJINTE aKCHOMH 32 JIMHEHHO IPOCTPAHCTBO Ca U3II'bJIHEHH 10 TPUBUAIHU IPUINHU.
Cymara £ + 7 Ha JiBe IUCKPETHH CIyYailHU BEJIMUUHU MPUEMA CTOHHOCTH X + ) 3a
x € img(§) uy € img(n), KOUTO ca He MOBeYe OT U3GPOUMO MHOTO, CJIEZ0BATENHO & + 7
CBIIO € AMUCKPETHA CIy4aiiHa BeJIMYMHA.
ITpousBeneHueTo c§ 3a ¢ € R rpreMa WK caMo efHa CTOMHOCT MpH ¢ = 0, UJIU CHUTUAT
Opoii cToitHOCTU KaTo &, cIeZIoBaTeTHO c£ ChIIO € AUCKPETHA CTyJaiiHa BeTMIHHA. O



1.3. OuakBaHe 1 MOMEHTM
o Kpast Ha TeMaTa IIle CYUTaMe, Yye paboTUM HaJl BEPOSITHOCTHOTO TTpocTpaHcTBO (Q, F, P).

Omnpegenenue 4. Heka £ e TUCKpeTHA cIyyaiiHa BeJIMUMHA ChC CTOMHOCTH X1, X, ... Jedu-
HUpaMe OYaKBaHe Ha § upe3

E() =), x P(E = x) = D) E(@)P({w)).
k weQ

KasBame, e £ ima (KpaiftHO) O4aKBaHe, aKO TOPHUST pejl € aGCOTFOTHO CXOISIIL,
CayyaliHU BeJIMUMHM C OYaKBaHe HyJla HapriaMme IleHTpUpPaHH.
OuaxkBaHe OT KOHCTaHTa X € R neduHUpame Jja O'bjle camaTa KOHCTAHTA X.

3abenexcka 5. ®opmaiHo, nmomarame E(x) := E(I,), kbeTo I, € MHAUKATOD 32 X, T.€.

X=Y),

(Ix = ¥) = Oxy 0.x % .
Ottyk aupektHo ciefsa E(x) = E(I,) = x.

TBBpAeHUE 6. 3a HezasuCUMU OUCKPeMHU CAYHAliHU 8eauvUHU & U 7) ¢ KpaliHo ouakeaHe e
U3NBAHEHO

E(§n) = E(§) E().

Jlokazameacmeo. Heka Xy, X, ... U Yy, >, ... C& CTOMHOCTHTE CHOTBETHO Ha & u 7). Torasa
CTOIHOCTUTE Ha § U 7) UMAT BHJIA X;)j U

B E(y) = (2 x; P(E = xi))(z Py = yj)) _
i J

xmyk—m P(g = xm) P(’? = yk—m) =

XmYk—m P(g =Xme ) = yk—m) =

ﬁMwﬁMw

Z XY P(§ =xpn=y) =
L,j

= > x P(6n = x;y) =
0y
= E({n).
0

TebpaeHue 7. Ouakearemo e AuHeeH QYHKYUOHAA HAO NOONPOCMPAHCIMBOMO OM OUCKpent-
Hu cayvatinu eeauvuru Hao (Q, F, P), 3a koumo ouakeaHemo coljecmasysa.

,Ho;cas’ameﬂcmeo. ,Z[I/IPEKTHO IIpoBEpABaAME I,D;e(bI/IHI/II_];I/ISITa 3a JIMHEECH (bYHKL[I/IOHaJIZ



1. 3a /1Be AUCKPETHHU CJOYYaliHU & U 7) BEJIMUUHHU C KPAiTHO 04YaKBaHe NMaMe

E¢+n) = D, € +n(@P{w}) =

we)

= Z [€(@) + n(w)]P({w}) =
weQ

= Y E@P{wh) + Y n@)P({w}) =
weQ weQ

= E(§) + E(n).

2. 3a AUCKpeTHA cydaiiHa BeJIMYMHA & ChC CTOMHOCTH X1, X5, ... U KPAHO OYaKBaHe U
KOHCTaHTa ¢ € R 110 TBBp/ieHUE 8 UMaMe

E(c£) = Y (ex)P(§ = xi) = ¢ ), xP(§ = xi) = cE(§).
K K

Bujsixme U TOBa, 4e JUCKPETHUTE CIyYalfHU BeJIMUMHM C KpalfHO O4aKBaHe ca 3aTBOPEH!
OTHOCHO CHOUpPaHe U YMHOXKEHHE C YUCJIO, C KOeTO JJoKa3BaMe, ye Te 00pa3yBaT JIMHEHO
MIOJIIPOCTPAHCTBO Ha BCUUKU JUCKPETHU CIy4aiiHU BeJIMYMHMU. O]

TebpaeHue 8. Heka & e duckpemua cay4aiiHa 8eAUMUHA CBC CMOLIHOCMU X1, X5, ... U KPALIHO
ouakeaHe. Heka 1 : R — R e npoussoana ¢pyukyus. Tozasa P(§) e duckpemma cayuaiina
6eAUMUHA U € USNBAHEHO

E@W(&)) = D, Y(xi)P(€ = xp).
k

Jokazamenacmaso. OGpa3bT Ha KPATHO UM U3MEPHUMO MHO)KECTBO € Haii-MHOT'0 U3MEPUMO,
3aToBa (&) mpuema He roBeye OT U36POMMO MHOTO Pa3IMYHU CTOMHOCTH U CJI€/I0BATETHO
e IUCKpeTHA cay4JaitHa BesnunHa. Heka croitHoctute Ha (&) ca yy, )y, ... IIpao6pasure
Y~ (y)Hay;,i =1,2,... ca KpaiiHM WIn N36pPOMMH, Herpecuyamy ce v img(§) = U, ().
Nmame

E@(§)) = ZYiP(lp@) =y) =
=% D, PE=x)=

i xep~l(y)

=2, 2 YPE=x)=

i xep~i(yp)

= > p(xP(E = x).
K

O]

,Z[OKB.BaHI/ITe B TBbpACHUA 6 to 8 CBOIMCTBA Ha OYAKBAHETO 3HAUYUTETHO OITpoCTABaT p8.60-
TaTa C HEro.



Omnpegenenue 9. Kopapuamus Ha cTy4ailHUTe BeJIMIUHY & U 7) HapUIame

cov(§,n) == E(§ —E&)(n —En)).

Jucniepcus Wiv Bapuanys Ha CTyJdaiiHaTa BeJIMUnHA § HapruJyame

var(£) = cov(¢, £) = E((§ —E£)?) =
= E(&2 - 26BE+B()) =
= E(£2) — 2E(¢)* + E())* =
= E(£%) - E(§)™.

Kopesnamus Ha £ 1 1) Hapruame

)= —ED
Vvar(® var)

Ot HepaBeHCTBOTO Ha Komu-ByHsikoBcku-11IBapir ciensa, e |(£,1)] < 1.

Yucsoro E(§") Hapryame n-tv MOMeHT Ha £, a E((§ —-E¢ )n) Hapu4yaMe n-TU IeHTpajieH
MOMEHT Ha &.

O4YakKBaHETO BCHIIHOCT € IIPOCTO ITbPBUAT MOMEHT, a AVCIIEPCUSTA - BTOPHUSAT LIEHTPaJIeH
MOMeHT. KopeH'bT Ha INCIIepCUSTA Ce HApHYA CTAHAAPTHO OTKJIOHEHHE 1 YECTO Ce OesIeXH
ChC .

JIBe ciydyaliHU BEeJTMYUHU Ce HApU4YaT HEKOPEJIUPAHHU MY OPTOTOHATHU, aKO KOBa-
puanusTa UM e 0, 3a1[0TO KOBapHalUsaTa UTpae posIsiTa Ha CKaJIapHO ITPOU3BeJeHNE B
npocTpaHcTBOTO L? 0T (BCHYKHM, He HeITpeMeHHO JIUCKPETHH) CIyJaiiHy BeJTMIUHH C KPaeH
BTOPH MOMEHT.

CirydaliHU BEJTMMUHU ChC CTAHJAPTHO OTKJIOHEHUE eMHUIA HAprYaMe HOPMHUPaHH,
TBi1 KaTO CTAHAPTHO OTKJIOHEHUE UTPae PoJIsTa Ha Hopma B L2,

Tebpaenue 10. Axo dee cayualiHU 8eAUMUHU CA HE3ABUCUMU U UMAM KPALiHO 04aKeaHe, me
ca OpMO2OHANHU.

Jokazamenacmeso. Heka & 1 7) ca He3aBUCUMU U UMAT KpaliHU OYaKBaHUsI CbOTBETHO | U 7).
Torasa

cov(§,n) = E(§ —w)(n —v)) =EE -wE®N-v)=u-w(v-v)=0-0=0.
O

Tebpaenue 11. Axo E(&") couecmaysa, coljecmaysam u MomeHmume on no-HUcsk peo.

Jokasamencmso. IIbpBo fa 3a6enexuM, de 32y € (0,1) mmame P(E = x;)” < P(& = xp).
Tbi1 KAaTO BEpOSITHOCTHATA MSIPKA € HOPMHUPaHa, MOXKEM /Ia TIPUJIOKUM HEPaBEeHCTBOTO Ha



VeHCeH U J1a MOJTyduM:

E(E"™H < E(g"H™ =

n

e BGE = xk>)_l <

n

Z( "R = x0)" <

k
<D0 (Ixel™ 1)" TP(E =xp) =
k
= x| P(§ = x;) =
k
= E(|¢|").

Il
—

1.4. Tlopaxxpawm, nopaxkaaliy MOMEHTUTE N XapaKTePpUCTUYHM cl)yl-n(uvm
Ompenenenne 12. Iopakaama GpyHkiusa Ha £ HapuIame
PGF¢(z) = E(z%).
IMopaxkgamna MoMeHTHUTE (PYHKIIHS Ha § HapUUame
MGF (1) := E(e'®).
XapakrepuctuyHa (PyHKIHM Ha £ HaprJame
Pe(t) == B(e!%).
V3mbiHeHo e (1) = MGFe(it) = PGFe(e'!).

Babenexncka 13. He cme pedmHMpann o9akBaHe OT KOMIJIEKCHA CTydaiiHa BeJTMINHA, HO
TeopeTUYHaTa 000CHOBKA H/JiBa OT hopMysuTe Ha Ofiiep:

Pe(t) = E(e!*€) = E(cos(t&) + isin(t£)) = E(cos(t€)) + i E(sin(t£)).

3abenexncka 14. JedpruHULIMNTE 32 MOMEHTH 1 (DYHKLIMU OT OYAKBAHETO ce MpeHacAT 6e3
M3MEHEeHHE 32 CIydaliHU BEJTMUMHH, KOUTO He ca JUCKpeTHU. [lopaxaaimuTre (PyHKIINH,
obaue, ce TTOJIE3HU CaMoO 3a CIIy4aliHU BeJIMUMHU, KOUTO ITpHUeMaT HeOTPULIATEeTHU 1[eTN
CTOMHOCTH.

Teopema 15 (CBoiicTBa Ha mopakaamuTte GyHKIUN). Heka & u 1 ca Hezasucumu yeaouuc-
ANeHU cayuatiHu geauuuHu csc cmotiHocmu 0,1, ... (883moacHo e P(§ = k) > 0 camo 3a kpaer
6poti k).

3a nopaxcoawama gynkyus PGFg ca usnsanenu caednume ceoticmea



1. PGF¢(2) e anarumuuna gynkyus nones —1 < z < 1.

(m)
P F{

m!

2. P(E=m)=

(0), kB0emo PGF(gm) e m-mama npou3eo0Ha Ha PGF¢.

3. Ako nopaxcoawume ynkuuu Ha &, n u § + n cewyecmaysam 8 mouxa z € R, umame
PGF¢,,(z) = PGF¢(z) PGF)(2)
4. Axo nopadxcoauwume pyHKUuUU Ha 08e yeaouucaeHu OUCKPeMHU CAYHAHU 8eAUMUHU
csgnadam, camume CAyUAiHU 8eAUMUHU Co8NAJAM.
Jlokazamencmeo.

1. PGFg(z) ce meHUpaA Ype3 CTeleHeH pejl. 3a Jja IoKaXKeM, Ue TS € aHAJIUTUYHA B
HSIKOSI 00JIaCT, € JOCTAThYHO /12 TIOKAYKEM CXOAMMOCT Ha CTEIIEHHUS Pe] B Ta3U 00J1aCT.
M3rmon3Bame TOBa, Ue 3a Mpou3BoHO chbuTne A nmame 0 < P(A) < 1, u orjeHsiBamMe
peLbT OTrOpe

|PGF¢(2)| = |E(z°)| =

=13 24 P(E = )| <
k=0

2 PE =k =

k=0

D lzFPE =k) <
k=0

()
< k2l
k=0

IociegHUAT pef, e CXopAL pH |z| < 1.

IA

2. PasmiexxzaMe CTEIIEHHUS pel Ha PGFg:

PGF¢(z) = i ZEKP(E=k) =
k=0

m—1 00
=Y kPl =k)+zmPE=m)+ D, zKP({=k).
k=0 k=m+1

AnanmtraHocTTa Ha PGF¢ HU 103BOJIsIBA 12 iMhepeHpaMe 04aKBaHETO [IOUIEHHO.
Cren m-xpatHo JudepeHIpaHe noaydaBamMe

PGF{™(z) =
m-—1 00

= > k- 0P =k)+mPE=m)+ Y, (k—m)--(k—Dkz*""P({ = k).
k=0 k=m+1

CiemoBaTeIHO PGF(gm)(O) = m!P(§ = m).



3. Tbii KaTo & U 7) ca HE3aBUCUMH, 32 IPOU3BOJIHO Z € R BEJIMYUHUTE 2% 1 2" ca He3aBU-
CUMU U

PGF¢,,(z) = E(z**7) = E(z827) = E(z°) E(27) = PGF¢(z) PGF,(2).

4. JIUpeKTHO CJIe/IBa OT U3Pa3siBAHETO Ha CTOMHOCTUTE Ha & U 7) Ype3 IPOU3BOJHUTE Ha
MopaxAaIuTe ru QyHKIUN.

O]

Teopema 16 (CBoiicTBa Ha mopakaamuTe MoMeHTUTe pyHKIMK). Heka & u 7 ca Hezagucumu
OUCKpemHU CAYHATiHU 8eAUMUHU.

3a nopascoaujume momenmume ¢ynkyuu MGF¢ u MGF,, ca usnsanenu crednume ceotic-
mea

1. B obuius cayuaii nopadxcdauwama momeHmume GyHKUuUs coulecmaysa camo 8 0. Ako
ms cauyecmaysa 8 okoaHocm Ha 0, mo ms e enradka 8 masu 0KOAHOCH, Cal4ecmnaysam

gcuuKu momeHmu u e usnsarero E(§™) = MGFE")(O) san=1,2,...

2. Ako nopaxcoauume momenmume Qynxuuu Ha &, n u & + 7 cellecmaysam 6 mouka
t € R, umame
MGF§+,7(t) = MGFg(t) MGFn(t).

3. Axo MGF; u MGF,, umam obuwa depuruyuonra obaacm, pasauuna om {0}, 8 koamo
me csgnadam, mo & u 1) csuio cesnadam.

Zlokazameacmeo. Heka cToifHocTUTE Ha & ca X;, Xy, ...

1. IMTopaxkzaiata MOMEHTUTE (DYHKIMSI BUHATU ChLIECTBYBA B 0, THI KaTo MGFg(O) =
E(e%) = E(1) = 1.
Heka MGFg ChlIecTBYBa B OKOTHOCT U Ha 0. be3 orpannyeHue Ha OOLIHOCTTA Ii[e

cuutaMe, 4ye U e orpanudeHa. [Tosarame 7 := min(—infU, sup,,)- Torasa cymara
MGF(—7) + MGF¢(7) e kpaiina. PassuBame Tasu Cyma B pef Ha Teirbp:

BHacsIHETO Ha OUaKBAHETO € BH3MOYKHO, 3aII0TO BCUUKH WIEHOBE Ha Pefia ca HEOTPH-
nareaau. Ot E(E2™) = E(]£2™|) ce Buk/a, 4e BCUIKM YETHU MOMEHTH ChILECTBYBAT.
Cnopez, TBbpAeHHE 11 CHIIECTBYBAT M BCUYKU HEYETHU MOMEHTH.

ITpu pukcupaHo n = 1, 2, ... 32 HIKaKBa OKOJTHOCT Ha 0, Chabprkaia ce B U, 3a HIKaKBO
a € [0, 1] Teopemara Ha Telsrbp, MPUIOXKEHA KbM €KCIIOHEHITMATHATA (PYHKITUS, HU



JlaBa
MGF(t) = E(e'®) =
_ E( ", (@)Dt th) _
k

s k! (n+ 1)
i B(§) o, A" DE(R©) i
P Ls (n+1)! ’

KbaeTo h(t) = EM+Deats — 0 IIOTOYKOBO.

t—
Hosyanxme nonmuHom Ha Tedrbp 3a pynkuusita MGF(f). Toraba MGF¢(f) uma n-ta
MIPOU3BO/IHA, TPU TOBA MGF(;) (0) = E(&M).

Crenoarenno MGFg(t) uma n-ta mpousBOfHa, IPU TOBA

n—1 k n (n+1) (n+1) ,até
M _ N BED),, o, BET) o EET ) It =
MGF; (1) = I;) o kl-0+ nl+ TSN (n+ Dt =

— E(é:n) + a(n+1) E(%f(n+1)eoct’g’)t_

B gyacTHOCT, MGF(;)(O) = E(&").

2. AKo mopa)kamTe MOMeHTUTEe (PYHKIIMH CBIIECTBYBAT B ¢ € R, Thil Kato & 7 ca
HEe3aBUCHUMU, CTyd9aifHUTE BeIMUHHH e'$ 1 e’ ChIIo ca He3aBUCHMMU U

MGF¢,, (1) = E(e'¢*M) = E(e!%e') = E(e'*) E(e!”) = MGF¢(t) MGF,(1).

3. Hexa z;, 25, ... € 06e[iuHeHre Ha cToliHOCcTUTE Ha § U 7). AKO Qynkuuure MGF; u
MGF,7 ChBIIQ/IaT B o6acTTa cu Ha AeuHuIuys U, 3a t € U umame

MGF¢(t) — MGF,(t) = 0
2 €%k P(E = 2) = D ek P(y = 2) = 0
k k

Do etZk(P(€ = zi) — P(n = zi)) = 0.
K

IToc/IeIHOTO PAaBEHCTBO € U3ITBhJIHEHO 3a BCsIKO ¢ € U TouHOo Korato P(§ = z) = P(€ =
z)3aBcsaKo z € img(§)uimg(n). CrnemoBaresiHo & v 7 mprueMar eZ{H! U ChIITHA CTORHOCTH
img(§) = img(n) c eqHA U ChIa BEPOSITHOCT U Thii KaTO U JIBETE Ca JJUCKPETHU, TE
CHBITA/IAT.

O]

Teopema 17 (CBoiicTBa Ha xapakTepucTuyHuUTe QyHKIuu). Heka & u 1 ca He3asucumu
OUCKpeMmHU CAYUALIHU BEAUUUHU.
3a xapakmepucmuuHume QYHKUUU Qg U @y €A USNBAHEHU CALeOHUME C80LiCmBa
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1. §0§ celliecmeysa U € pasHOMeEpPHO HenpeKksecHama HascsKosoe 8bpXy peaaHama npasa.

2. Axo &£" uma kpaen n-mu momenm, e uznsarero E(E") = i‘”goén)(o).

3. Bascakot € R umame
Pe4y(8) = Pe(t)py (D).

4. AKo @¢ u @, cesnadam, mo § u 1 coujo cognadam.

Jlokazamencmeso. Heka cToifHocTUTE Ha & ca X;, Xy, ...

1. 3aja goKaxeM, 4e ¢; € fedrHUpaHa HaBCAKb/E B R, olieHsIBaMe 0Trope abCoII0THATA
CTOMHOCT Ha ¢ 3a t € R:

lpe(D] = [E(9)| =
=D ek P(§ = xp)| <
k

< D leK| P(E = x;) =
k

=Y Pt =x)=1.
k

3a /1a oKa)KeM U paBHOMEpPHATa HEPEKbCHATOCT B R, ITbPBO OlLIEHSIBAME OTTOpe
n3pasa

|pe(t + B) — p(D)] = [E('+5) — E(e)| =
= |E(ei*(e — 1))| =

= D] ek — 1) P(§ = xp)| <
k

< Zle“"kueih"k —1|P(£ =xp) =
k

= S|eihsk — 1| P(¢ = xp).
k

ITTe n3mnosn3BaMe, ye 3a BCAKO z € C HepaBEeHCTBOTO Ha lleHCeH HU aBa

z B ]
|elz—1|=|if e”dt|§f |e”|dt=f dt = |z|.
0 0 0

dukcupame ¢ > 0. M306upame peasiHa KOHCTaHTa ¢, > 0, TakaBa 4e P(|§] > ¢;) < %
BbBexaMe jBe MHOXKECTBA OT UHAeKcH: A == {k = 1,2,... | |x;| < ¢.JuB = 72>\ A.

3a k € A umame

Z |eihxk _ 1| P(%’ — xk) < Z |hxk| P(%’ = xk) < C5|h| Z P(§ = xk) < C£|h|.

keA keA keA
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3a k € B umame

D le ke — 1| P(€ = x;) < D (|e™ |+ 1) P(E =x;) =2 ) P(§ = xp) < %

keB keB keB
3a OeJins pea ToraBa 1rojydyaBamMe

Dlethk — 1 P(§ = xp) < ce|h| + 2e.
k

£
ITonarame 6 = —.
3ce

Toraga 3a |h| < § Umame
2 €, 2 _
3

g
pe(t + 1) — (O] <celhl + 5 < s + T ==

YurcIoTo § 3aBUCH CaMO OT €, CIIEAI0BATEIIHO P¢(t) € PABHOMEPHO HETIPEKBCHATA BhPXY
IsJ1aTa peajHa Ipasa.

. Hexa cpiectByBa MOMeHTHT E . ToraBa ChIieCTBYBaT 1 MOMEHTHTE OT ITO-HUCHK pefy
Y B HSKaKBa OKOJIHOCT Ha 0 3a HAKAKBO a € [0, 1] reopemara Ha Teirbp, MpUIOKeHa
KBbM €KCIIOHEeHI[UaTHaTa (PYHKLIMS, HU JaBa

pe(t) = E(e') =
_ E( M @) tm) _

= k! (n+1)!
LOREER) o (@) " Y B) .,
= N CFS )R

KbAeTo h(t) = EM+D)eaits - 0 ITOTOYKOBO.

t—
Tosyauxme rmouHoM Ha Teltnbp 3a dyHKuusATa @g(t). Toraa g(t) UMa n-Ta MPOUs-
BO/THA, TIPU TOBA goé”)(o) = i"E(&").

. Hexka zj, z,, ... € oGeuHeHne Ha CTOMHOCTHTE Ha § U 7). AKO QYHKIMUTE Q¢ U @y
CBBIIAJIAT, UMaMe

Pe(t) — () = 0
D e P(E =zi) = D ek P(E = 2) =0
k k

3 eitzk(P(€ = z) — P(£ = ;) = 0.
k

ITocyieTHOTO PAaBEHCTBO € U3ITBJIHEHO 3a BCSIKO ¢t € R TouHO Korato P(§ = z) = P(§ =
z)3aBcsiko z € img(§)uimg(n). CremoBartesHo & 7 IpUeMAaT eJHU U ChIIY CTORHOCTH
img(§) = img(n) ¢ emHa U ChIa BEPOSITHOCT U Thii KaTO U JIBETE Ca JUCKPETHU, TE
CHBITAJIAT.

O]
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1.5. YecTo cpewianu ANCKpeTHU pa3npeaeneHus
1.5.1. luckpeTHo paBHOMepHO pa3fnpeaeneHue

Omnpegenenue 18. Kazpame, de cayuaiiHata BeinurHa £ Ma JUCKPETHO PABHOMEPHO
pasmpeeaeHue Ha MHOKeCTBOTO N ¢ pasmep n u ruiireM ¢ € Uniform(N), ako 3a BCSIKO
k € N e UsrnjIHeHO

PE=k)= .

o 1 1 n
JeUHHUIUSITA € KOPEKTHA, Thil KaTo ~> owm ), keN P(¢ =k) = ZkeN ~ == 1.
3a mpocToTa O6MKHOBEHO cunTaMe, ye N € MHOXKeCTBOTO Ha I[eJIUTE YMCIa MEX/Ty JiBe
MOJIOXKUTETHY ey uncaa a u b, r.e. N = {a,a + 1, ..., b — 1, b}. B TakbB ciy4aii 6eexxum

¢ € Uniform(a, b).

PaBHOMEPHOTO JUCKPETHO pa3mpezieieHre MoJieInpa eKCIIepUMeHTH C KpaeH Opoit u3-
XOJIY, 32 KOMTO IIpe/ilioiaraMme, 4e ca paBHOBeposTHU. TakyBa ca HallpyuMep pa3HU UT'PH -
6osiTa Ha ciIyyaiiHO M36paHa UTpajiHa KapTa Uy OposIT TOUKH, MTaZ{HAJIN Ce TIPU XBBPJIsSHE
Ha 3ap. [Ipyr mpuMep KjiBa OT BTOpaTa CBETOBHA BOMHA, KBb/ETO CTATUCTULIM Ca C€ OIIUTAIN
Jla OIIeHSIT 6posi n IIPOM3Be/leHU OT epMaHUs TaHKOBE, ITpeJIIoIaraiiky, ye CepuitHUTe UM
HOMepa ca paBHOMEPHO pasIpesiesIeHr MeXAy 1 U n.

3a nmopaxxaamaTa GyHKIHsI, 09aKBaHeTo U Auciiepcusita Ha & € Uniform(a, b) umame

PGF¢(z) = E(z°) =

b—at+Dz-1D/

1
E j— —_—
©) b—a+1kzzak
1 b . a—lk
b—a+1 kgl k:l)
_ 1 (b(b +1) (a- 1)a)
b—a+1 2 2
_b*+b-a*+a _
~ 2(b—a+1)
_(b-ab+a)+(b+a)
B 2(b—a+1) B
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a+b
2 9

1 b
E(§2)=b—zk2=

—a+172

1 b a—1
_ 2 2\

1 (b(b +1)2b+1) _ (a—1)a(2a — 1)) _

“b-a+1 6 6
_ b2b*+3b+1)—b2a*—-3a+1) 2b*-a®)+3b*+a>)+(b—a) _
6(b—a+1) 6(b—a+1)
_2[(b—a)® + 3b%a — 3ba?] + 3[(b — @)’ + 2ba] + (b —a) _
6(b—a+1)
_(b—a)2(b—a)’ +3(b—a)+1]+6bab—a+1) _
6(b—a+1)
_(b—a)2(b*—2ba+a*+2b—2a+1)—(b—a+1D]+6balb—a+1) _
6(b—a+1)
_(b-a2b—a+1’-(b—a+D]+6bab—a+1) _
6(b—a+1)
_(b=a)2(b—a+1)—1]+6ba _
6
_|2b*+2ba+2a*+b—a
5 ,

var(§) = E(¢2) — E(§)* =
_ 2b%2 +2ba+2a*+b—a _<b+a>2_

6 2

_ 2(2b* + 2ba + 2a* + b — a) — 3b* + 2ba + a?

= - =
b?—2ba+a*+2b—2a _

= = =

Jb—a+1) -1

B 12 i

1.5.2. buHomHoO pasnpeaeneHue

Omnpepenenue 19. Ka3pame, ue ciydaiiHaTa BeJIMUrHA &£ MMa GMTHOMHO pasIipeeieHue
cobem n = 1,2,... u BepossiTHOocT p € (0,1) u uiem £ € Binom(n, p), ako 3a BCSKO
k=0,1,...,n e USIBLJIHEHO

P =k) = (Z)pku -p""

14



JeduHuiysTa € KOpekTHa, Thit kKato P(§ = k) > 03a k = 0,...,n 1 oT GUHOMHATa
TeopeMa UMaMe

n n

DPE=k) =), (Z)p"(l - =(p+a-p)" =1

k=0 k=0

YacTHUAT cy4dail Binom(1, p) HapruamMe pasnpeaesieHre Ha BepHyiH 1 6e1e)XuM ¢
Bernoulli(p).

BUHOMHOTO pasIipe/iesieHre MOieiipa Opoii ycIiexu cpei 0010 1 HE3aBUCUMU OITUTA C
eTHaKBa BEPOSITHOCT p. Tora ro mpaBu U3KJIIOUUTETHO TPUI0KHUMO - OT MOJIETHpaHe Ha
KOJIMYECTBOTO P'BIIE C TIOHE €IUH Ty3 IIPU 1 pa3aBaHUs HA UTPAJTHUA KApPTHU JI0 MOJIeJTUPaHe
Ha 6post 0CBOGO/IEHN HEBPOTPAHCMHUTEPU B XUMUYHHUTE CHHATICH Ha MO3bKa 33 €[UHHIIA
BpeEME.

3a mopakJaiiara MOMEHTUTe (QYHKIIMS, OYaKBAHETO U JUCIIEPCUSATA Ha CaydaiiHaTa
BesinurHa £ € Binom(n, p) umame

MGF¢(t) = E(e'$) =

n

=2, (Z)e”‘p"(l -p) =
k=0

z (Z)(etp)k(l -p)"r=

k=0

=|(e'p+1-p)"|

MGF%(t) = |npe'(e'p+ (1 - p))n_1 !

MGF}(1) = np|et - (¢'p+ (1= p))' ™ +¢' - (n=Dp(e'p+ (1 - p)" | =

npet(etp+(1—p))" *(e'p+ (1 - p) + (n— 1)p) =

= |npe'(e'p+ (1 - p))n_z(np +elp—2p+1)|
E(§) = MGF(0) =[np}

E(£?) = MGF{(0) = |np(np—p + 1)

var(§) = E(§2) — B(¢)" = np(np — p+ 1) — (np)* = | np(1 — p)|

Kakro cTraBa ICHO OT BH a4 Ha IIOopaXXaaujata MOMEHTUTE qJYHKI_[I/IH, aKo

&, ..., &, € Bernoulli(p),

TO cyMaTa UM UMa pasmnpejesieHre Binom(n, p). Helo moBeue, cymaTa Ha CJIy9aiiHU BEJTHU-
YUHU ¢ pas3npeesieHus Binom(n, p) u Binom(m, p) uma pasmnpezesnenue Binom(n+m, p).

BUHOMHOTO pasMpe/ie/ieHUe € U3UTPAJIO BayKHA MCTOPUYECKA POJIst, Thil KaTo 32 HETO
IbPBO ca GOPMY/THPAHU U3BECTHU 'PAHUYHU TEOPEMH.

15



Teopema 20 (BepHysiuy, MpeIIeCTBEHUK Ha 3aKOHUTE 32 ToJIeMuUTe rcia). Heka ca 0adeHu
Hezasucumu u edHaxeo Binom(n, p)-pasnpedeseru cayuaiinu seauuunu &, &,, ... Toeasa

1 n
n 2 =T
=1
no eepossmHocm.

Teopema 21 (Moapbp-Jlariac, mpeiecTBEHUK Ha IIEHTPATHUTE TPAHUYHU TEOPEMH). AKO
¢ € Binom(n, p), mozasa
§-EB®) __&§-np

i3 Vnp(1 - p)

KAOHU NO 8epOSMHOCH KoM CMAHOAPMHO HOPMAAHO pasnpedenerue npu n — oo.

Bx. cbi110 Teopema 25.

1.5.3. FeomeTpuuHo pasnpeneneHne

Onpezgenenue 22. Ka3zpame, ye ciydyaifHaTa BeJIMUMHA £ IMa reOMETPHUYHHU pasIipe-
JaexeHue ¢ BepossiTHOCT p € (0,1) u mumem £ € Geom(p), ako 3a BCsIkO k = 1,2, ... €
U3ITHJIHEHO .
-1
PE=k)=1-p) p
JebuHUIUSITA € KOpEKTHA, Thil kKaro P(§ = k) > 03ak =1,2,...u

(o)

SPE=k=> 1-pfp=pY 1-pF=p
k=1 k=0

k=1

1

—a-p "

IToHsIKOTa Ce MoJI3Ba aITepHATUBHA AepUHUIMS, Tpu Kosito7) = § —1u3ak =0,1, ...

Py = k) = (1 - p)*p.

TeoMeTpUYHOTO pa3mpeziesieHre MOZIeJTMpa HOMepa Ha ITbPBUS YCIIEIIeH OIUT cpef 6e36-
pOit HE3aBUCUMM OIUTH C €JHAKBA BEPOSITHOCT p WJIH, TIPU aJITepHATUBHATA JIeDUHUIINSA,
Opost HeyCIIeX! [0 IT0sIBaTa Ha ITbpBUS ycrieX. To ChII0 e U3KIIOUUTETHO TPUI0KUMO, HAIIPU-
Mep 32 HAMHUPAHEeTO Ha OYaKBaHUSs OpOii M3TETVIEHU UTPATTHU KAPTH MPEAU ITbPBUS Ty3 WIA
3a OlleHsIBaHe Ha HEOOXOMMOTO KOJIMIECTRO JIOITBJIHUTETHO TTPOU3BEIEHH U3/IETHS, AKO
1IeJTAM Zia TIPOU3BeZIeM Ia/IeHO KOJTMYIeCTBO H3/esns 6e3 edeKT IIpU BEPOATHOCT 32 IeDeKT
p- IIpeAMCTBO HAa TEOMETPUYHOTO pas3Ipe/ieieHre 3a Te3U MOJIEJIU € CBOHCTBOTO JIMIICA Ha
maMeT, OIIUCAaHO B Teopema 23.

3a mopaXkzaiata MOMEHTUTe (DYHKI[HMsI, OUaKBaHETO U AucrepcusTa Ha £ € Geom(p)
uMame

MGF(¢) = E(e'¥) = elp i (1 —pe ' =etp f (1= p)e))* =
_|__pe (1—plef <1 < t<—In(1l—p)
Tli-a=pet TP il
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MGF}(1) = pe' - (1 — (1 — p)e’) — pe! -2(—(1 —p)e’ _
(1- (- pe)

pe'
=|———— t<—-In(1—-p),|

a—a-pey TP
MGEY(t) = 2 (L= (L= ey’ = pe! 201 = (= P = ple! _

(1~ (1= per)
_ pe' (1= (1= p)e)(1 ~ (1~ ple' + 21~ ple') _

1-@1 - pe)*

t t ot
_ IZ’ (_1(”; e_ p)gg,t < —In(1-p)
_p_|1

E(g) - p2 p g

B(£2) = p(2p; p) _ 2;219 ,

var(§) = BEH) ~ B = 52 - <[ 2P

Teopema 23 (Jlurica Ha 1ameT). 3a § € Geom(p) U NOAOHCUMEAHU YeaU YUCAA N U M e
U3NBAHEHO

PEl=n+m|&>n)=P¢& =m)
Zlokazamencmaeo.

P=n+mé&>n)
P(¢ > n) a

_P=n+m) _

- P(E>n)

n+m-—1

__0-p P _
S A=) p

n+m-—1

__ Qa-p p
1-p"pYy,a-pf

a-p"" _
1

PE=n+m|§>n)=

1-p
=1-p)" 'p=
= P(§ = m).

Bx. cblo 3amayva 1.

17



1.5.4. lNoacoHoBoO pasnpeaeneHue

Omnpepnesienne 24. Kaspame, ye cirydaiiHaTa BeJIMUMHA § IMa II0ACOHOBO pasIipe/ieieHue
cbe crenieH A > 0 v uiieM § € Poisson(p), ako 3a Besiko k = 0, 1, ... € U3ITBIHEHO

—A 9k

e A

JedbuHUIUSITA € KOpEKTHA, Thil kKato P(§ = k) > 03a k = 0,1, ... Mame
o0 © Ak
DPE=k) = ek'/1 =e et = 1.
k=0 k=0

AKXO 1aJieHo SIBJIEHHUE Ce CIyYBa ChC CPeHA YecToTa A, T0aCOHOBOTO pasIipe/esieHIe
MoOjIe/Ipa KOJTMYECTBOTO HE3aBUCHUMM SIBJIEHUS 32 eZIMHUIA BpeMe. ToBa ro IpaBu I0/XO0-
JISIIIO 32 IUPOK CITIEKTHP OT 33/1a4H - OT MOJ[e/TMpaHe Ha Oposi [TOCETUTETN Ha Mara3uH B
HaTOBapeH Yac /10 MOZIeJInpaHe Ha 6posi CKOKOBE B IIeHUTE Ha (PMHAHCOB JIEpHBAT.

3a mopakJaiiara MOMEHTUTEe QYHKIIUS, OYaKBAHETO U JUCIIEPCUSATA Ha CaydaiiHaTa
BesnurHa & € Poisson(p) nmame

o tk,—A7k 0o o pank
: k=0 :

k=0

MGFy(1) = Jef e~ = [ 243D
MGFg(t) = et - M€= 4 Jet . fetede’=D) = | Qet+A(e'=1)(] 4 Jet) |
E(§) =[4)
E(&?) =A1+2)|,

var(§) = B(§%) - B(§)" = 201 + ) — 22 =[4]

Teopema 25 (IToacon). Heka &, §&,, ... ca Hezasucumu u &, € Binom(k, py),k = 1,2, ... Ako
kpi — A, moeaea epanuya no eeposmrocm limy_, o, & coujecmeysa u uma pasnpedenerue

-0
Poisson(A1).

KakTo cTaBa sICHO OT BUZ'BT Ha MOPaXK/AAlaTa MOMEHTUTE (PYHKIIUS, aKO
¢, € Poisson(1,,),m=1,...,n,
TO CyMara UM UMa pasIpezieieHue Poisson(Z:q=1 Am).
Bx. cblIo 3amaya 2.
2. 3apaum

B KOHCIIEKTa HE € [TOCOYEH CIIUCHK C Bb3MOXHU 3a/ia4u, 3aTOBa CbM BKJIFOYMNJI Pa3HU 3a/1a4U,
AaBaHU Ha ABbPXKABECH U3IIUT.
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3amayva 1 (3adavu 3a /[1 3a cney. cmamucmuka). Jadena e peduya om He3a8UcCUMU ONUMu ¢
0ea uzxooa: ycnex u Heycnex. Beposamuocmma 3a ycnex e p € (0,1). Onumume ce nposexcoam
0o nspsa nossa Ha ycnex. Cayuaiinama eeauuuna X e pasHa Ha 6post Ha Heycnexume. /Jla ce
Hamepu:

a) PasnpedeneHuemo Ha cayuatiHama eeauvuHa X
6) ITopaxcdawama pynkyus Ha X
8) Mamemamuueckomo ouakeaHe u ducnepcusima Ha X
2) 3ak > 00da ce namepu P(k > 0)
Pewenue.

a) ToBa e UMEHHO aJITepHATHBHATA (POPMYIMPOBKA HAa T€OMETPUUHOTO pasIpesieieHue,
k
KOSITO crioMeHaxme B raparpad 1.5.3, 1.e. P(X = k) = (1 — p)"p.
AKo Beue pasrnosarame ¢ MHGQOpMaLUsATa 32 TeOMETPUYHOTO pasmnpe/ie/ieHre OTIa-

parpad 1.5.3 u & uma pasmpezenenre Geom(p) CripssMO OpUTHHATHATA Ie(UHULINS,
toraBa X = £ — 1 ¥ JUPEKTHO TOJTyIaBaMe

PGFy(k) = PGFy(k — 1),

1 1-p
Ex(k)=Eg(k)—1=—=——-1= ——,
x(k) = Eg(k) > >

1-p

vary(k) = varg(k) = 0

MoxxeM /1a U3BeJIEM ThPCEHUTE XapaKTEPUCTUKU U IUPEKTHO

6) IIpecMsiTaMe TTopaXkaamaTa QyHKITUS:
PGFx(z) = Y. (1 - p)2)“p =
k=0

=py (1-p2)*=
k=0

_ P _ — 1
= T Pz <1 = 2l < =
_ £y — p _ _
ripu koeTo MGFx(t) = PGFx(e) = T—a- p)et’t <—In(1-p)|

B) IIpecmsATame OYaKBaHETO U JUCIIEPCUSITA, U3IOJI3BANKN HaMepeHaTa IMopaxkaalla
MOMEHTHUTE (PYHKI:

p(1 — p)eé*

GFy(r) =| - —P%F
MO = T ey

t < —In(1-p)
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MGF () = P —pe -0 - p)e))” — p(1 — pe* - 21 — (1 — p)e’)(p — De' _
* (1-Q - pet’
_ pA—p)e'(1—Q1—p)e +201 - p)e) _
1-@1-pe)’
— t _ t
| e e
E(X) = MGF(0) = I"Tp

(1-p@2-p) _(A-p)2-p)
3

E(X2) = MGF4(0) = £

p? ’
A-pe-p a-p° [1-
var(X) = E(X2) — B(X)? = pp2 22 pzp - pzp .
r) 3am=0,1,... UMame
PX2m=Y (-pfp=-p"p> a-pf=LTL 2 [ pm]
k=m k=0

1-(1-p)
O
3agmaua 2 (3adauu 3a JI1 3a cney. cmamucmuxa). Heka X e cayuaiina seauuuta ¢ pasnpede-

nenue Ha [ToacoH ¢ napamemsp A > 0:

y)
X € Poisson(/), PX =x)= e_’l%,x =0,1,2,....

a) Hamepeme mamemamuueckomo ouakeare E X u ducnepcusama var X Ha cayuaiiHama

seauuuHa X.

6) Hexka cayuatinume seauvuru X; u X, ca Hezasucumu u ¢ pasnpedenerue Ha IToacoH ¢
napamempu ceomgemHo A, > 0u A, > O:

X; € Poisson(4,), X, € Poisson(4,).
Hamepeme pa3npedeseHuemo Ha cymama um
S2 = X1 + Xz.

8) Heka X;,X,, ... , X, ca Hezasucumu HabaooeHus Hao Poisson(1) cayuaiina seauuuna
XuHekacymamaume S, = X7 +X, + - + X,,.

Hamepeme 3nauumocmma (p-value) Ha cmamucmukama S,, npu npogepkama Ha 0CHO8-
HA U AAMEePHAMUBHU XUNOMe3U:

H0: A=3
Hl: A=6
npun=4usS, =15.

20



Babenexncka 26. 3a Tazu 337a4a € AaseHa TabauIa 3a pasmnpenaeseHueTo Ha [ToacoH 3a
x=0,1,...,24ul1=3,6,...,21,24.

Pewierue.
a) Bmaparpad 1.5.4 cme HamepwiH, ye E(X) = var(X) = A.

6) Crniopen teopema 17 MGFy ,x, OTpesieJisi HAITBJIHO pasnpezieleHneTo Ha X; + X,.
M3znon3Bame nopaxzaliara MOMeHTUTe (pyHKIWs oTnaparpad 1.5.4, 3a 1a HaMepuM

MGFy, ,x, = MGFy, - MGFy, = e =1) | pa(e!=1) — p(Ai+42)(e' 1)
KOETO € MmopaXkania MoMeHTUTe QyHKIus Ha Poisson(1; + 1,) pasmpezeeHue.

B) OT mpeAHara MoATOYKA 3HaeM, ue S,, € Poisson(n4). ToraBa 3Ha4MMOCTTa Ha Ha0JIIO-
JIeHueTo S, = 15 IpH /ieceH eZJHOCTPaHeH TeCT C HyJieBa Xurore3a A = 3 e

P(S, > 15|42 =12)=1—P(S, < 14|41 = 12) ~ 1 — 0.772 = 0.228.

ITpu HUBO Ha 3HaYMMOCT a = 0.05 6rxXMe UMajid OCHOBaHMeE Jla OTXBBHPJIUM HyJleBaTa
XUIIOTE3a.

O]
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